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RENORMALIZED CHARACTERISTIC FORMS OF THE
CHENG–YAU METRIC AND GLOBAL CR INVARIANTS
TAIJI MARUGAME
Abstract. For each invariant polynomial Φ, we construct a global CR invari-
ant via the renormalized characteristic form of the Cheng–Yau metric on a
strictly pseudoconvex domain. When the degree of Φ is 0, the invariant agrees
with the total Q′-curvature. When the degree is equal to the CR dimension,
we construct a primed pseudo-hermitian invariant I′
Φ
which integrates to the
corresponding CR invariant. These are generalizations of the I′-curvature on
CR five-manifolds, introduced by Case–Gover.
1. Introduction
The Cheng–Yau metric g = −i∂∂ log ρ is a complete Ka¨hler–Einstein metric
on a strictly pseudoconvex domain Ω ⊂ Cn+1, constructed by a defining function
ρ which solves the Monge–Ampe`re equation ([9]). Since g is biholomorphically
invariant, one may try to construct biholomorphic invariants of Ω or CR invariants
of the boundary M by using geometric quantities of this metric. However, due to
the singularity of g at the boundary, we need some renormalization procedure to
extract finite values from invariants of g.
Burns–Epstein [2] introduced such a renormalization for the Levi-Civita connec-
tion of g. Let ψi
j be the connection 1-forms of g in a (1, 0)-coframe {θ1, . . . , θn+1}.
They defined the renormalized connection ∇ by the connection 1-forms
(1.1) θi
j := ψi
j +
1
ρ
(ρkδi
j + ρiδk
j)θk (∂ρ = ρiθ
i),
and showed that it extends to a linear connection on Ω. The transformation (1.1)
is so-called a c-projective transformation [3], and this renormalization procedure is
an example of c-projective compactifications, introduced by Cˇap–Gover [5].
Burns–Epstein also defined the renormalized curvature, which is continuous up
to M , by setting
Wi
j := Ψi
j + (gklδi
j + gilδk
j)θk ∧ θl,
where Ψi
j is the curvature form of g. Since g satisfies Ric(g) + (n + 2)g = 0, this
agrees with both the c-projective Weyl curvature and the Bochner curvature of the
Cheng–Yau metric. Also, this coincides with the (1, 1)-component of the curvature
Θi
j of ∇. For an invariant polynomial Φ, they showed Φ(W ) = Φ(Θ) and called
it the renormalized characteristic form. When Φ has degree n + 1, the integral
of Φ(W ) over Ω converges to a biholomorphic invariant of Ω , which is called the
characteristic number of the domain. By using the Chern–Simons transgression
and the Lee–Melrose expansion of the Monge–Ampe`re solution, they proved that
this number is determined by local geometric data of the boundary. However,
since the transgression is based on the global coordinates of Cn+1, they needed a
complicated topological procedure to relate the invariant to intrinsic CR geometry
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of M , and it does not provide a global CR invariant which can be written in terms
of Tanaka–Webster curvature quantities.
As an exceptional case, they derived a Chern–Gauss–Bonnet formula for c2(Θ)
whose boundary term gives a global invariant of CR three-manifolds, called the
Burns–Epstein invariant [1]. The author [19] generalized the renormalized Chern–
Gauss–Bonnet formula and the Burns–Epstein invariant to higher dimensional cases
in a more general setting: We consider a strictly pseudoconvex domain Ω in a
complex manifold X of dimension n + 1. We define the Cheng–Yau metric on
Ω as a hermitian metric g which agrees with −i∂∂ log ρ near the boundary M ,
where ρ ∈ E˜(1) is a Fefferman defining density, i.e., an approximate solution to the
Monge–Ampe`re equation. For a choice of pseudo-Einstein contact form θ on M ,
we have a trivialization of E˜(1) near M and the corresponding Fefferman defining
function ρ. Let Θ be the curvature form of the renormalized connection defined via
ρ. Then we have
(1.2)
∫
Ω
cn+1(Θ) = χ(Ω) +
∫
M
Π(Rαβγµ, Aαβ) θ ∧ (dθ)
n,
where Π is a linear combination of the complete contractions of polynomials in the
Tanaka–Webster curvature and torsion without covariant derivatives. In the case
of the approximate Cheng–Yau metric, cn+1(Θ) agrees with cn+1(W ) only near the
boundary, so it depends on the choice of ρ or θ; see Proposition 4.5. Nevertheless,
it is shown that the boundary integral in (1.2) is independent of the choice of θ and
gives a CR invariant of M .
In this paper, we show that the Burns–Epstein invariant given by (1.2) can be
further decomposed into the sum of global CR invariants. We fix a Fefferman
defining function ρ associated with a pseudo-Einstein contact form θ, and set ω :=
−i∂∂ log ρ. Then we can expand cn+1(Θ) as
(1.3) cn+1(Θ) = cn+1(Ψ) +
n∑
m=0
ωn+1−m ∧ Φm(Θ),
where Φm is an invariant polynomial of degree m. Our main theorem states that
the finite part of the integral of each term in this expansion gives a CR invariant:
Theorem 1.1. Let Φ be an invariant polynomial of degree m (0 ≤ m ≤ n). Let ρ
be the Fefferman defining function associated with a pseudo-Einstein contact form
θ. Then we have
(1.4) fp
∫
ρ>ǫ
ωn+1−m ∧Φ(Θ) =
∫
M
FΦ(Rαβγµ, Aαβ ,∇α) θ ∧ (dθ)
n,
where FΦ is a linear combination of the complete contractions of polynomials in the
Tanaka–Webster curvature, torsion and their covariant derivatives. Moreover, the
integral is independent of the choice of θ and gives a CR invariant of M .
A usual characteristic form for g can be written by a combination of powers of
ω and renormalized characteristic forms; see §4.2. Hence Theorem 1.1 implies that
the finite part
fp
∫
ρ>ǫ
ωn+1−m ∧ Φ(Ψ)
also gives a CR invariant of M . Moreover, it follows from (1.2) and (1.3) that the
finite part of the usual Gauss–Bonnet integral
fp
∫
ρ>ǫ
cn+1(Ψ)
is the sum of χ(Ω) and a CR invariant of M .
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When Φ = 1 (m = 0), the integrand of the left-hand side of (1.4) is equal to the
volume form of g up to a compactly supported form determined by the difference
between ω and the Ka¨hler form of g. The volume renormalization of the Cheng–
Yau metric with respect to a Fefferman defining function is considered in [17], and
it is shown that
fp
∫
ρ>ǫ
ωn+1 = kn
∫
M
Q′,
where Q′ is the Q′-curvature, introduced by Case–Yang [8] for n = 1 and general-
ized by Hirachi [16] to higher dimensions. Therefore, our global CR invariants in
Theorem 1.1 can be considered as generalizations of the total Q′-curvature.
TheQ′-curvature is a pseudo-hermitian invariant defined for each pseudo-Einstein
contact form, and the CR invariance of its integral follows from the transformation
formula under rescaling, which is described in terms of the CR GJMS operator
and the P ′-operator. Thus, it is natural to expect that the CR invariant given
by Theorem 1.1 is also the integral of a “Q′-like” curvature on M whose trans-
formation formula explains the CR invariance. In this paper, we construct such
a curvature quantity I ′Φ for each invariant polynomial Φ of degree m = n, which
gives a generalization of the I ′-curvature of Case–Gover [6].
In [6], they consider a local CR invariant I ∈ E(−3,−3) which is an analogue of
the Fefferman–Graham invariant in conformal geometry. When the CR manifold
M is 5-dimensional, it integrates to a global CR invariant, but is equal to 0. They
introduced an alternative “primed” pseudo-hermitian invariant I ′ and showed that
it integrates to a non-trivial CR invariant which equals the difference between the
Burns–Epstein invariant and the total Q′-curvature. The transformation formula
of I ′ is described by a CR invariant tensor Xα such that (Xαθα +Xαθ
α) ∧ θ ∧ dθ
gives a representative of the second Chern class c2(T
1,0M) ∈ H4(M ;R) when θ is
pseudo-Einstein. It then follows from the vanishing of this cohomology class that
the integral of I ′ is independent of the choice of pseudo-Einstein contact form.
By using CR tractor calculus, we generalize I ′ to I ′Φ for invariant polynomials
Φ of degree n on (2n + 1)-dimensional CR manifolds, which can be considered as
a primed analogue of a local CR invariant IΦ ∈ E(−n− 1,−n− 1). For a rescaling
θ̂ = eΥθ of a pseudo-Einstein contact form, it satisfies
Î ′Φ = I
′
Φ −X
Φ
αΥ
α −XΦαΥ
α
with a CR invariant tensor XΦα such that n
2(XΦα θ
α + XΦα θ
α) ∧ θ ∧ (dθ)n−1 is a
representative of Φ(T 1,0M) ∈ H2n(M ;R). Using the vanishing of this characteristic
class, due to Takeuchi [25], we can prove that the total I ′Φ-curvature gives a CR
invariant. Then we prove that two global CR invariants associated with Φ of degree
n coincide up to a constant multiple (Theorem 6.6):
fp
∫
ρ>ǫ
ω ∧ Φ(Θ) = −n
∫
M
I ′Φ.
To prove this equality, we relate the renormalized characteristic form to the ambient
metric and establish an explicit correspondence between the ambient metric and
the CR tractor calculus in the Graham–Lee setting.
As an example, we compute the total I ′Φ-curvatures for a circle bundle over a
complete intersection Y in the complex projective space. It is given as a polynomial
in the degrees of the defining polynomials of Y , and it shows that the invariants are
non-trivial and independent of each other if we consider Φ modulo the first Chern
form c1. As for the other CR invariants given by Theorem 1.1, Yuya Takeuchi
informed the author that he computed them for Sasakian η-Einstein CR manifolds.
His computation assures that the CR invariants in Theorem 1.1 are non-trivial if
Φ is not 0 modulo c1; see Remark 6.8.
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After this work was completed, the author was informed by Jeffrey Case and
Yuya Takeuchi that they had also constructed generalizations of the I ′-curvature by
a different method; they first generalize the CR invariant tensor Xα and construct
the corresponding I ′-type curvature. The curvatures thus obtained are exactly same
as ours. The detail of the construction and the relation to Hirachi’s conjecture will
appear in their forthcoming paper [7].
This paper is organized as follows: In §2, we review some materials in CR geom-
etry such as the Tanaka–Webster connection and the CR tractor calculus. In §3, we
define the Cheng–Yau metric and the ambient metric via Fefferman’s approximate
solution to the Monge–Ampe`re equation, and recall the Graham–Lee connection,
which plays an important role in relating the Cheng–Yau metric to CR geometry on
the boundary. In §4, we introduce the renormalized connection for the Cheng–Yau
metric and the renormalized characteristic forms by following Burns–Epstein. Its
relation to the ambient metric and the Graham–Lee connection will be discussed.
Then we construct the CR invariants associated with each invariant polynomial Φ
and prove Theorem 1.1. We also deal with the case of the exact Cheng–Yau metric.
The I ′Φ-curvatures are defined in §5. We clarify its relation to characteristic classes
on the CR manifold and prove the CR invariance of the integral. Then, in §6, we
show that the total I ′Φ-curvature agrees with the CR invariant constructed in The-
orem 1.1; the most part will be devoted to the preparation of the proof, where we
establish the correspondence between the ambient construction and the CR tractor
calculus in the Graham–Lee setting. Finally, we compute the total I ′Φ-curvatures
for a circle bundle over a compact Ka¨hler–Einstein manifold.
Notations: Throughout the paper, we denote the space of sections of a vector
bundle by the same symbol as the bundle itself, and we adopt Einstein’s summation
convention. The symmetrization and the skew symmetrization of a tensor are
represented by (, ) and [, ] respectively, and they are performed over barred indices
and unbarred indices separately, e.g.,
B[α1β1α2β2] :=
1
2!2!
(Bα1β1α2β2 −Bα2β1α1β2 −Bα1β2α2β1 +Bα2β2α1β1).
The trace-free part of Bαβ is denoted by B(αβ)0 .
When a function I(ǫ) admits an asymptotic expansion
I(ǫ) =
k∑
m=0
lm∑
j=0
am,jǫ
−m(log ǫ)j + o(1)
as ǫ → 0 with some constants am,j , we define the logarithmic part and the finite
part by
lp I(ǫ) := a0,1, fp I(ǫ) := a0,0.
Acknowledgment The author is grateful to Jih-Hsin Cheng and Kengo Hirachi
for invaluable comments and discussions. He thanks Yuya Takeuchi for informing
the author of his computation of the CR invariants for Sasakian η-Einstein mani-
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2. CR geometry
2.1. CR structures. Let M be a C∞-manifold of dimension 2n + 1 ≥ 3. An
almost CR structure on M is a rank-2n distribution H ⊂ TM endowed with an
almost complex structure J ∈ End(H). An almost CR structure (H, J) is called a
CR structure when it satisfies the integrability condition [T 1,0M,T 1,0M ] ⊂ T 1,0M ,
where CH = T 1,0M ⊕ T 0,1M is the eigenspace decomposition for J . We assume
that there exists a global real 1-form θ whose kernel is H , and define the Levi form
by
hθ(X,Y ) := −idθ(X, JY ), X, Y ∈ H.
The Levi form is a J-invariant symmetric form and we say the CR structure is
strictly pseudoconvex if we can take θ for which hθ is positive definite. Hereafter,
we assume that (H, J) is a strictly pseudoconvex CR structure, and call θ a contact
form since in this case H is a contact distribution. A contact form is determined
up to multiplications of positive functions. We define the orientation of M so that
θ ∧ (dθ)n > 0.
The CR canonical bundle is the complex line bundle defined by
KM := {ζ ∈ ∧
n+1
CT ∗M | Zy ζ = 0 for all Z ∈ T 1,0M}.
We fix a complex line bundle E(1, 0) which satisfies E(1, 0)⊗(−n−2) = KM and define
the CR density of weight (w,w′) (w − w′ ∈ Z) by
E(w,w′) := E(1, 0)⊗w ⊗ E(1, 0)⊗w
′
.
As in the case of spin structures in Riemannian geometry, E(1, 0) may not exist
globally, but it always exists locally. When M is a hypersurface in Cn+1, KM
is trivial and E(1, 0) exists globally. We note that E(w,w) can always be defined
globally. Moreover, when w ∈ R it has a reduction to an R+-bundle. We call a
positive section 0 < τ ∈ E(1, 1) a CR scale. If σ ∈ E(1, 0) is a nonvanishing section,
then |σ|2 = σσ¯ defines a CR scale. We also call σ itself a CR scale.
We denote T 1,0M,T 0,1M and their duals by Eα, Eα, Eα, Eα respectively, and
use similar notations for their tensor products, e.g., Eα ⊗ Eβ = Eαβ . We also
put (w,w′) to these bundles to represent the tensor product with E(w,w′), e.g.,
Eα ⊗ E(w,w′) = Eα(w,w′).
Let ζ be a nowhere vanishing section of KM . A contact form θ is volume nor-
malized by ζ if it satisfies
θ ∧ (dθ)n = in
2
n!θ ∧ (T y ζ) ∧ (T y ζ),
where T is the Reeb vector field: θ(T ) = 1, T y dθ = 0. Such a θ is unique, and the
weighted 1-form
θ := θ ⊗ |ζ|−2/(n+2) ∈ T ∗M ⊗ E(1, 1)
is independent of choice of ζ. We associate a CR scale τ ∈ E(1, 1) with the contact
form θ = τ−1θ; this gives a one-to-one correspondence between choices of a CR
scale and those of a contact form.
2.2. The Tanaka–Webster connection. For a choice of contact form θ, one can
define a canonical linear connection on TM , called the Tanaka–Webster connection.
We take a local frame {Zα} of T 1,0M and consider the local frame {T, Zα, Zα :=
Zα} of CTM , which is called an admissible frame. Let {θ, θα, θα} be the dual
frame. Then we have
(2.1) dθ = ihαβθ
α ∧ θβ ,
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where hαβ = hθ(Zα, Zβ) is the components of the Levi form. By using the CR scale
τ ∈ E(1, 1) corresponding to θ, we define the weighted Levi form
hαβ := τhαβ ∈ Eαβ(1, 1),
which is invariant under rescaling of θ. We lower and raise the indices by hαβ and
its inverse hαβ ∈ Eαβ(−1,−1).
The Tanaka–Webster connection ∇ is given by
∇T = 0, ∇Zα = ωα
β ⊗ Zβ , ∇Zα = ωα
β ⊗ Zβ,
where ωα
β := ωαβ and ωα
β are characterized by the structure equations:
dθβ = θα ∧ ωα
β +Aβγθ ∧ θ
γ ,
dhαβ = ωα
γhγβ + hαγωβ
γ .
In particular,∇ preserves the Levi form: ∇hαβ = 0. The tensorA
β
γ ∈ E
β
γ(−1,−1)
is called the Tanaka–Webster torsion. By differentiating (2.1), one can see that
Aαβ := Aαβ ∈ Eαβ is a symmetric tensor.
Since ∇ preserves T 1,0M , covariant differentiations on tensor bundles such as
Eαβγ(w,w
′) make sense and we denote the components of the covariant derivative
as
∇µfαβγ = fαβγ,µ, ∇µfαβγ = fαβγ,µ, ∇T fαβγ = fαβγ,T .
When we differentiate a tensor in the T -direction, we lower the weight by τ−1 so
that ∇T fαβγ ∈ Eαβγ(w − 1, w
′ − 1).
If we take {Zα} such that hαβ = δαβ , then θ is volume normalized by
ζ := θ ∧ θ1 ∧ · · · ∧ θn.
By ∇θ = 0, ∇ζ = −ωαα ⊗ ζ and Reωαα = 0, we have ∇θ = 0, which implies
∇τ = 0, ∇hαβ = 0.
The curvature form dωα
β − ωαγ ∧ ωγβ is expressed as
Rα
β
γµθ
γ ∧ θµ +Aαγ,
βθγ ∧ θ −Aβγ,αθ
γ ∧ θ − iAαγθ
γ ∧ θβ + ihαγA
β
µθ
γ ∧ θµ.
The tensor Rα
β
γµ is called the Tanaka–Webster curvature. By taking traces, we
obtain the Tanaka–Webster Ricci tensor and the Tanaka–Webster scalar curvature:
Rγµ := Rα
α
γµ ∈ Eγµ, R := Rγ
γ ∈ E(−1,−1).
Under a rescaling of the contact form θ̂ = eΥθ, these curvature quantities satisfy
transformation formulas involving derivatives of the scaling factor Υ; see [21].
2.3. Pseudo-Einstein contact forms. We will review the notion of pseudo-
Einstein contact form. We refer the reader to [21, 16, 17] for details.
A contact form θ is called pseudo-Einstein if it is locally volume normalized
by a closed section ζ ∈ KM . In terms of the Tanaka–Webster connection, it is
characterized by the equation
Rαβ =
1
n
Rhαβ (n ≥ 2), ∇αR = iAαβ,
β (n = 1).
A CR scale σ ∈ E(1, 0), or τ = |σ|2 ∈ E(1, 1), is called a pseudo-Einstein CR scale
when the corresponding contact form τ−1θ is pseudo-Einstein.
A complex function f onM is called a CR function if Zf = 0 for all Z ∈ T 1,0M ,
and a real function Υ is called a CR pluriharmonic function if it is locally the
real part of a CR function. It is known that when θ is pseudo-Einstein, a contact
form eΥθ is also pseudo-Einstein if and only if Υ is CR pluriharmonic. The CR
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plurihamonicity has the following characterization. Let ∆b = −(∇α∇α +∇α∇α)
be the sublaplacian, and set
η := i(Υαθ
α −Υαθ
α) +
1
n
(∆bΥ)θ.
Proposition 2.1 ([16, Lemma 3.2]). Υ is CR pluriharmonic if and only if dη = 0.
2.4. CR tractor bundles. The CR tractor bundles are vector bundles associated
to the CR Cartan bundle, and they are endowed with canonical linear connections
induced by the Cartan connection. Here we define them in a direct way by following
Gover–Graham [13]; see also [6]. The relation to the ambient metric construction
will be discussed in §6.1.
If we fix a contact form θ, the (standard) CR tractor bundle EA is identified with
the direct sum:
EA
θ
∼=
E(0, 1)
⊕
Eα(−1, 0)
⊕
E(−1, 0)
.
An element νA = t(σ, να, λ) is called a tractor. The expression t(σˆ, νˆα, λˆ) for the
same tractor in terms of another contact form θ̂ = eΥθ is related to the original
one by 
 σˆνˆα
λˆ

 =

 σνα +Υασ
λ−Υβνβ −
1
2 (ΥβΥ
β − iΥT )σ

 .
For a choice of θ, we define
ZA =

00
1

 ∈ EA(1, 0), WAβ =

 0δβα
0

 ∈ EAβ (1, 0), Y A =

10
0

 ∈ EA(0,−1),
where EAβ denotes the tensor product Eβ ⊗ E
A. Then any tractor is represented as
σY A + ναWAα + λZ
A. For a rescaling θ̂ = eΥθ, we have
(2.2)
ẐA = ZA, ŴAα =W
A
α + ΥαZ
A,
Ŷ A = Y A −ΥαWAα −
1
2
(ΥβΥ
β + iΥT )Z
A.
The dual bundle of EA is denoted by EA; the expression as a direct sum and the
transformation formula of components are given by
EA
θ
∼=
E(1, 0)
⊕
Eα(1, 0)
⊕
E(0,−1)
,

 σˆνˆα
λˆ

 =

 σνα +Υασ
λ−Υβνβ −
1
2 (ΥβΥ
β + iΥT )σ

 .
We denote by EA, EA the complex conjugate bundle of E
A, EA and use the index
notation for tensor products, e.g., EAB = EA ⊗ EB. These bundles are also called
CR tractor bundles.
The tractor metric is the Lorentzian hermitian metric on EA defined by
hABν
Aν′B := σλ′ + λσ′ + hαβν
αν′β ,
which is independent of choice of θ. We lower and raise tractor indices by hAB ∈
EAB and its inverse h
AB ∈ EAB .
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There exists a CR invariant linear connection on each tractor bundle, called the
tractor connection. In terms of the Tanaka–Webster connection, it is defined by
(2.3)
∇βv
A =

 ∇βσ∇βνα + δβαλ+ Pβασ
∇βλ− iAβγν
γ − Tβσ

 , ∇βvA =

 ∇βσ − νβ∇βνα − iAβασ
∇βλ− Pγβν
γ + Tβσ

 ,
∇T v
A =

 ∇Tσ − in+2Pσ + iλ∇T να + iPβανβ − in+2Pνα − 2iTασ
∇Tλ−
i
n+2Pλ− 2iTαν
α − iSσ

 .
The Tanaka–Webster curvature quantities which appear in the formulas are defined
as follows:
Pαβ :=
1
n+ 2
(
Rαβ −
R
2(n+ 1)
hαβ
)
, P := Pα
α =
R
2(n+ 1)
,
Tα = Tα :=
1
n+ 2
(∇αP − iAαγ,
γ), S := −
1
n
(Tα,
α + Tα,α + |Pαβ |
2 − |Aαβ |
2).
The tractor connection preserves the tractor metric: ∇hAB = 0. The curvature
form of the tractor connection is given by
ΩA
B = (Sα
β
γµθ
γ ∧ θµ + Vγ
β
αθ
γ ∧ θ − V βαγθ
γ ∧ θ)WαAW
B
β
+ (iVγµαθ
γ ∧ θµ +Qαγθ
γ ∧ θ − iUαγθ
γ ∧ θ)WαAZ
B
− (iVµγ
βθγ ∧ θµ + iUγ
βθγ ∧ θ +Qγ
βθγ ∧ θ)ZAW
B
β
+ (Uγµθ
γ ∧ θµ + Yγθ
γ ∧ θ − Yγθ
γ ∧ θ)ZAZ
B,
where
Sαβγµ := Rαβγµ − Pαβhγµ − Pγβhαµ − Pγµhαβ − Pαµhγβ ,
Vαβγ := ∇βAαγ + i∇γPαβ − iTγhαβ − 2iTαhγβ
Qαβ := i∇TAαβ − 2i∇βTα + 2Pα
γAγβ
Uαβ := ∇βTα +∇αTβ + Pα
γPγβ −AαγA
γ
β + Shαβ
Yα := ∇TTα − i∇αS + 2iPα
γTγ − 3AαγT
γ ,
and Vαβγ := Vαβγ , Qαβ := Qαβ, Yα := Yα. The tensor Sαβγµ is called the Chen-
Moser tensor. It is a CR invariant tensor, and it vanishes identically if and only if
n = 1 or the CR manifold is locally isomorphic to the standard sphere.
For any weighted tractor t ∈ E∗(w,w′), we can define a CR invariant linear
differential operator t 7→ DAt ∈ EA∗(w − 1, w′), called the tractor D-operator. In a
scale θ, it is given by
DAt :=

 w(n + w + w′)t(n+ w + w′)∇αt
−∇β∇βt− iw∇T t− w
(
1 + w
′−w
n+2
)
Pt

 .
We also have its complex conjugate: DAt := DAt ∈ EA∗(w,w
′ − 1).
3. Strictly pseudoconvex domains
3.1. The Monge–Ampe`re equation. Let X be a complex manifold of complex
dimension n + 1 ≥ 2. A relatively compact domain Ω ⊂ X with the smooth
boundary M = ∂Ω is called strictly pseudoconvex if the induced CR structure on
M is strictly pseudoconvex. Let KX be the canonical bundle of X . We define the
ambient space of the CR manifold M by the C∗-bundle X˜ := KX \ {0} over X . We
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also define N := KM \ {0}, which is isomorphic to the restriction X˜|M . A section
of the complex line bundle
E˜(w) := (KX ⊗KX)
−w/(n+2)
is called a density of weight w. The restriction E˜(w)|M is canonically isomorphic to
the CR density E(w,w). A density f ∈ E˜(w) can be identified with a function on
X˜ which satisfies the homogeneity condition δ∗λf = |λ|
2wf (λ ∈ C∗) with respect
to the dilation δλ(u) := λ
n+2u. We call a real density ρ ∈ E˜(1) a defining density if
the corresponding homogeneous function on X˜ gives a defining function of N which
is positive on the fibers over Ω: N = {ρ = 0}, dρ|N 6= 0. By the pseudoconvex
side, we mean the side on which ρ > 0.
If we take local holomorphic coordinates (z1, . . . , zn+1), we have the local density
τ˜ = |dz1 ∧ · · · ∧ dzn+1|−2/(n+2) ∈ E˜(1).
Using this density, we define the Monge–Ampe`re operator acting on a real density
ρ ∈ E˜(1) by
J [ρ] := (−1)n+1 det
(
ρ ∂ziρ
∂z¯jρ ∂zi∂z¯jρ
)
,
where ρ := τ˜−1ρ ∈ E˜(0). It can be verified that J is independent of the choice
of coordinates (zi). Fefferman constructed an approximate solution to the Monge–
Ampe`re equation J [ρ] = 1:
Theorem 3.1 ([11]). There exists a defining density ρ ∈ E˜(1) which satisfies
(3.1) J [ρ] = 1 +O(rn+2),
where r ∈ C∞(X) is an arbitrary defining function of Ω. Moreover, such a density
is unique modulo O(rn+3).
We fix a density ρ ∈ E˜(1) given in the theorem above and call it a Fefferman
defining density. Let τ˜ ∈ E˜(1) be a density which restricts to a CR scale τ = τ˜ |M ∈
E(1, 1). Then ρ := τ˜−1ρ becomes a defining function of Ω near M , and the 1-form
i
2
(∂ρ− ∂ρ)|TM
coincides with the contact form θ = τ−1θ; see [10, Proposition 5.2]. The pseudo-
Einstein condition on θ can be characterized in terms of pluriharmonic extension
of log τ :
Proposition 3.2 ([17, Proposition 2.6]). A CR scale τ ∈ E(1, 1) is pseudo-Einstein
if and only if it has an extension τ˜ ∈ E˜(1) which satisfies ∂∂ log τ˜ = 0 on the
pseudoconvex side of a neighborhood of N . Such an extension is unique near N on
the pseudoconvex side.
By this proposition, we also have
Proposition 3.3. Υ ∈ C∞(M) is CR pluriharmonic if and only if it has an
extension Υ˜ ∈ C∞(Ω) such that ∂∂Υ˜ = 0 near M .
3.2. The ambient metric and the Cheng–Yau metric. Let ρ ∈ E˜(1) be a
Fefferman defining density. We define the ambient metric on X˜ near N by the
Lorentz–Ka¨hler metric g˜ with the Ka¨hler form −i∂∂ρ. By the Monge–Ampe`re
equation (3.1), the Ricci form of g˜ satisfies
(3.2) Ric(g˜) = ∂∂ O(rn+2).
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The (1, 1)-form −i∂∂ logρ descends to a Ka¨hler form on Ω near M . We extend
this to a hermitian metric g on Ω and call it the Cheng–Yau metric. By (3.1), the
Cheng–Yau metric satisfies the following approximate Einstein equation:
Ric(g) + (n+ 2)g = ∂∂ O(rn+2).
When X = Cn+1, we can use the exact solution to the Monge–Ampe`re equation
constructed by Cheng–Yau [9]. In this case, the metric satisfies the Einstein equa-
tion exactly. We will deal with the exact Cheng–Yau metric in §4.4.
Suppose that θ is a pseudo-Einstein contact form and let τ ∈ E(1, 1) be the
corresponding CR scale. Then, by Proposition 3.2, we have an extension τ˜ ∈ E˜(1)
with ∂∂ log τ˜ = 0 near N . Hence we obtain a defining function ρ := τ˜−1ρ such that
i
2
(∂ρ− ∂ρ)|TM = θ, g = −i∂∂ log ρ near M,
which is unique near M . We call ρ a defining function associated with the pseudo-
Einstein contact form θ. Conversely, if ρ is a defining function such that g =
−i∂∂ log ρ nearM , then the contact form θ := (i/2)(∂ρ−∂ρ)|TM is pseudo-Einstein.
Thus, there is a one to one correspondence between pseudo-Einstein contact forms
on M and the germs of defining functions along M whose logarithms give Ka¨hler
potentials of the Cheng–Yau metric.
3.3. The Graham–Lee connection. Let ρ ∈ C∞(X) be an arbitrary defining
function of Ω which is positive in Ω. By following [15], we introduce a linear
connection on a neighborhood ofM inX which is a natural extension of the Tanaka–
Webster connection for θ := (i/2)(∂ρ− ∂ρ)|TM ; see also [17].
By strict pseudoconvexity, there exists a unique (1, 0)-vector field ξ on X near
M which satisfies
∂ρ(ξ) = 1, −ξy ∂∂ρ = κ∂ρ
for some real function κ. We call κ the transverse curvature. Let {Zα} be a local
frame for Ker∂ρ ⊂ T 1,0X . Then, {Zα, Z∞ := ξ} gives a local frame for T 1,0X called
a Graham–Lee frame. Note that {Zα} is a local frame for T 1,0M at the boundary.
We write {θα, θ∞ := ∂ρ} for the dual (1, 0)-coframe. We set Zα := Zα, θ
α := θα.
Then
−∂∂ρ = hαβθ
α ∧ θβ + κ∂ρ ∧ ∂ρ,
where hαβ := −∂∂ρ(Zα, Zβ) is the Levi form on each level set of ρ for the contact
form given by the restriction of ϑ := (i/2)(∂ρ− ∂ρ). We lower and raise indices by
hαβ and its inverse h
αβ . When ρ is a Fefferman defining function, the Cheng–Yau
metric is expressed near M by
−∂∂ log ρ =
hαβ
ρ
θα ∧ θβ +
1 + κρ
ρ2
∂ρ ∧ ∂ρ.
If we write
ξ = N +
i
2
T
with real vector fields N, T , then we have
dρ(N) = ϑ(T ) = 1, dρ(T ) = ϑ(N) = 0.
Since T y dϑ = κdρ, T is the Reeb vector field for ϑ on each level set of ρ.
Proposition 3.4 ([15, Proposition 1.1]). There exists a unique linear connection
∇ on TX near M which satisfies the following conditions:
(i) ∇ preserves Ker ∂ρ and ξ is parallel: ∇ξ = 0.
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(ii) The connection 1-forms ϕα
β defined by ∇Zα = ϕαβ ⊗ Zβ satisfies the
structure equations
dθα = θβ ∧ ϕβ
α + iAαβ∂ρ ∧ θ
β − κα∂ρ ∧ ∂ρ−
1
2
κdρ ∧ θα,
dhαβ = ϕα
γhγβ + hαγ ϕβ
γ .
We call ∇ the Graham–Lee connection. By the structure equations above and
∇T = 0, we can see that ∇ restricts to the Tanaka–Webster connection on each
level set of ρ. The curvature form Φα
β = dϕα
β − ϕαγ ∧ ϕγβ is given by
(3.3)
Φα
β = Rα
β
γµθ
γ ∧ θµ − iAαγ,
βθγ ∧ ∂ρ− iAβγ,αθ
γ ∧ ∂ρ
− iAαγδµ
βθγ ∧ θµ + ihαγA
β
µθ
γ ∧ θµ
− dρ ∧
(
καθ
β − κβhαγθ
γ +
1
2
δα
β(κγθ
γ − κγθ
γ)
)
−
i
2
(κα
β + κβα + 2AαγA
βγ)dρ ∧ ϑ.
The Graham–Lee connection plays an important role in relating the ambient
metric or the Cheng–Yau metric to the CR geometry of the boundary. When we
express CR invariants of M constructed by the Cheng–Yau metric in terms of the
Tanaka–Webster connection, we need the Taylor expansions of curvature quantities
of the Graham–Lee connection alongM . We will derive some differential equations
for this purpose. We fix an arbitrary point p0 ∈ Ω near M and take a local frame
{Zα} of Ker ∂ρ such that ϕαβ(p0) = 0. We differentiate (3.3) at p0 and look at the
coefficient of dρ ∧ θγ ∧ θµ. Then we have
(3.4)
∇NRαβγµ = κRαβγµ −
i
2
Aαγ,βµ +
i
2
Aβµ,αγ −AαγAβµ
+
1
2
AανA
ν
µhγβ +
1
2
Aβ
νAνγhαµ + καµhγβ + κβγhαµ
+
1
2
(κγµ + κµγ)hαβ +
1
2
(καβ + κβα + 2AανA
ν
β)hγµ.
Similarly, differentiating (3.3) and looking at the coefficient of ϑ∧ dρ∧ θγ , we have
(3.5) ∇NAαβ = κAαβ − iκαβ −
i
2
Aαβ,T .
We need the Monge–Ampe`re equation to derive an equation for κ, so we assume
that ρ is a Fefferman defining function associated with some pseudo-Einstein contact
form. Then, the transverse curvature satisfies
(3.6) κ|M =
2
n
P
and
(3.7)
nNκ− µρ ξξκ+
1
2
(∆bκ− 2|Aαβ|
2)− nκ2 − 2µρκ3 − µ2ρ2κ2ξκ
− µ2ρκ3 + µ2ρ2(ξκ)(ξκ) + µ2ρκ(ξκ) + 4µρκ(Nκ)− µρκακ
α = O(ρn),
where we have set µ := (1 + κρ)−1; see [19, (4.9), (4.15)]. We differentiate the
equations (3.4), (3.5), and (3.7) in the N -direction repeatedly. The commutators
of ∇N and tangential differentiations are computed with the torsion and curvature
tensors of the Graham–Lee connection, which are expressed by hαβ , Rαβγµ, Aαβ , κ
and their tangential derivatives. As a result, we obtain the expression of lower order
Taylor coefficients in terms of the Tanaka–Webster connection:
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Proposition 3.5. Let ∇ be the Graham–Lee connection for a Fefferman defining
function. Then the boundary values of
(3.8) ∇pNRαβγµ, ∇
p
NAαβ , N
p−1κ (p ≤ n+ 1)
are expressed in terms of the Tanaka–Webster curvature quantities on M .
4. Renormalized characteristic forms and CR invariants
4.1. Burns–Epstein’s renormalized connection. Let Ω be a strictly pseudo-
convex domain in an (n+1)-dimensional complex manifold X . We fix a Fefferman
defining density ρ ∈ E˜(1) and let g be the Cheng–Yau metric, i.e., a hermitian
metric on Ω which agrees with the Ka¨hler metric −i∂∂ logρ near the boundary M .
We denote by ψi
j the connection 1-forms of the Chern connection of g; it agrees
with the Levi-Civita connection near M .
We assume that M admits a pseudo-Einstein contact form θ, and take the asso-
ciated Fefferman defining function ρ. Burns–Epstein [2] introduced a renormalized
connection ∇ by
(4.1) θi
j := ψi
j +
1
ρ
(ρkδi
j + ρiδk
j)θk,
where ∂ρ = ρjθ
j , in an arbitrary (1, 0)-coframe {θj}. Note that ∇ depends on the
choice of ρ. Since ρ is determined by θ near M , so is ∇. They showed that ∇
extends to a linear connection on Ω:
Proposition 4.1 ([2]). Let (z1, . . . , zn+1) be holomorphic coordinates around a
point on the boundary M . Then we have
(4.2) θi
j = gjl
(
−
ρkil
ρ
+
ρlρki
ρ2
)
dzk,
where ρkil, ρl, ρki denote the coordinate derivatives. In particular, θi
j is smooth up
to the boundary.
Proof. It suffices to show the identity
ψi
j = gjl
(
−
ρkil
ρ
+
ρlρki
ρ2
)
dzk −
1
ρ
(ρkδi
j + ρiδk
j)θk.
If we denote the right-hand side of this by ψ′i
j , we have
ψ′i
jgjm =
(
−
ρkim
ρ
+
ρmρki
ρ2
)
dzk −
1
ρ
(gimρk + gkmρi)dz
k
= −
ρkim
ρ
dzk +
1
ρ2
(ρimρk + ρkmρi + ρkiρm)dz
k −
2ρiρmρk
ρ3
dzk
= ∂gim.
This implies ψ′i
j = ψi
j . Since gjl = O(ρ) and gjlρl = O(ρ
2), the connection form
θi
j is smooth up to M . 
We note that the transformation (4.1) is a so-called c-projective transformation,
and Burns–Epstein’s renormalization is an example of c-projective compactification
in the sense of [5].
Next we consider the renormalized curvature. Let
Ψi
j = dψi
j − ψi
k ∧ ψk
j , Θi
j = dθi
j − θi
k ∧ θk
j
be the curvature forms. Since ψi
j is the Chern connection, in a holomorphic frame,
ψi
j and θi
j are (1, 0)-forms and Ψi
j = ∂ψi
j . Then we have
Ψi
j = ∂
(
θi
j −
1
ρ
(ρkδi
j + ρiδk
j)dzk
)
=W ′i
j −K ′i
j ,
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where W ′i
j := (Θi
j)(1,1) is the (1, 1)-component of Θi
j and
K ′i
j := −
(
(log ρ)klδi
j + (log ρ)ilδk
j
)
dzk ∧ dzl.
Then W ′i
j is smooth up to the boundary. On the other hand, Burns–Epstein [2]
defined the renormalized curvature of g by
Wi
j := Ψi
j +Ki
j , where Ki
j := (gklδi
j + gilδk
j)dzk ∧ dzl.
Since gij = −∂i∂j log ρ near M , these coincide in a neighborhood of the boundary.
We will describe the relation between the renormalized connection ∇ and the
Levi-Civita connection of the ambient metric. Let g˜ = −i∂∂ρ be the ambient
metric on X˜ near N , and ω˜IJ , Ω˜IJ be the connection and the curvature forms of g˜
respectively. For the pseudo-Einstein contact form θ, we can take local coordinates
(z1, . . . , zn+1) around a point on M which are holomorphic in Ω, in such a way
that the associated pseudo-Einstein CR scale corresponds to θ. We take a fiber
coordinate z0 of X˜ by writing as ζ = (z0)n+2dz1 ∧ · · · ∧ dzn+1 so that ρ = |z0|2ρ
as a function on X˜. Then we have
Proposition 4.2 ([2, Lemma 3.2]). In the holomorphic frame {dz0/z0, dz1, . . . , dzn+1}
around a boundary point, we have
ω˜I
J =


dz0
z0
ui
dzj θi
j +
dz0
z0
δi
j

 ,(4.3)
Ω˜I
J =
(
0 dui + uk ∧ θik
0 Θi
j − ui ∧ dzj
)
=
(
0 dui + uk ∧ θik
0 Wi
j
)
,(4.4)
where
ui :=
1
ρ
(ρikdz
k − ρkθi
k).
Proof. We denote the right-hand side of (4.3) by ω˜′I
J . Then we have
g˜KJ ω˜
′
I
K = −|z0|2
(
ρ ρk
ρj ρkj
)(
dz0/z0 ui
dzk θi
k + (dz0/z0)δi
k
)
= −|z0|2
(
ρ(dz0/z0) + ∂ρ ρi(dz
0/z0) + ρui + ρkθi
k
ρj(dz
0/z0) + ∂ρj ρij(dz
0/z0) + uiρj + ρkjθi
k
)
.
By (4.2), the 1-forms in the matrix are computed as
ρui + ρkθi
k = ρikdz
k − ρkθi
k + ρkθi
k
= ∂ρi,
uiρj + ρkjθi
k = ρ−1(ρikρjdz
k − ρkρjθi
k) + ρkjθi
k
= ρ−1ρikρjdz
k − ρgkjθi
k
= ∂ρij .
Thus, we obtain g˜KJ ω˜
′
I
K = ∂g˜IJ and hence ω˜
′
I
J = ω˜I
J .
Since ∇ is torsion-free near M , we have dzk ∧ θk
j = d(dzk) = 0 and hence
(4.5) uk ∧ dz
k = 0.
By using these formulas and (4.3), we obtain the first equality of (4.4). The second
equality follows from the fact that Ω˜I
J are (1, 1)-forms and (Θi
j)(1,1) = Wi
j near
M . 
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Next, we will describe the Levi-Civita connection of g˜ in terms of the Graham–
Lee connection ϕα
β for ρ. Let {Zα, Z∞ = ξ} be a Graham–Lee frame near M
and {θα, θ∞ = ∂ρ} the dual coframe. In the coframe {θ0 = dz0/z0, θα, θ∞}, the
ambient metric is given by
(g˜AB) = |z
0|2

−ρ 0 −10 hαβ 0
−1 0 κ

 .
We first recall from [19] the relation between θi
j and the Graham–Lee connection:
Proposition 4.3 ([19, Proposition 3.5]). Near the boundary M , the renormalized
connection forms θi
j are given by
(4.6)
θα
β = ϕα
β + iκϑδα
β , θ∞
β = −κθβ + iAβγθ
γ − κβ∂ρ,
θα
∞ = hαγθ
γ + µρκα∂ρ+ iµρAαγθ
γ , θ∞
∞ = κ∂ρ− µκ2ρ∂ρ+ µρ∂κ,
where µ := (1 + κρ)−1.
When ρ is a Fefferman defining function, this proposition and Proposition 3.5
allow us to relate geometric quantities of ∇ to the Tanaka–Webster curvature quan-
tities on M .
In a Graham–Lee frame, we also have
dhαβ = θα
γhγβ + hαγθβ
γ ,(4.7)
µd(κρ) = θ∞
∞ + θ∞
∞,(4.8)
dθi = θj ∧ θj
i.(4.9)
The equation (4.7) is shown in the proof of [19, Proposition 3.5], and the equation
(4.9) follows from the fact that ∇ is torsion-free near M . The equation (4.8) is
derived by
θ∞
∞ + θ∞
∞ = ψ∞
∞ + ψ∞
∞ + 2ρ−1dρ = g−1∞∞ dg∞∞ + 2ρ
−1dρ.
Using these equations, we obtain the following
Proposition 4.4. In the coframe {θ0 = dz0/z0, θα, θ∞}, the connection 1-forms
ω˜A
B of the ambient metric g˜ are given by
ω˜0
0 =
dz0
z0
, ω˜0
α = θα, ω˜β
α = θβ
α +
dz0
z0
δβ
α, ω˜∞
α = θ∞
α,
ω˜0
∞ = ∂ρ, ω˜β
∞ = θβ
∞, ω˜∞
∞ = θ∞
∞ +
dz0
z0
,
ω˜α
0 = −ρ−1(θα
∞ − hαγθ
γ) = −µκα∂ρ− iµAαγθ
γ ,
ω˜∞
0 = −ρ−1(θ∞
∞ − κ∂ρ) = µκ2∂ρ− µ∂κ.
Proof. One can check that ω˜A
B given above satisfies the structure equations
dθA = θB ∧ ω˜B
A, d g˜AB = ω˜A
C g˜CB + g˜ACω˜B
C
by using (4.7), (4.8), and (4.9). 
In particular, at ρ = 0 we have
(4.10)
ω˜0
0 =
dz0
z0
, ω˜0
α = θα, ω˜β
α = ϕβ
α +
(dz0
z0
+ iκϑ
)
δβ
α,
ω˜∞
α = −κθα + iAαγθ
γ − κα∂ρ, ω˜0
∞ = ∂ρ, ω˜β
∞ = hβγθ
γ ,
ω˜∞
∞ = κ∂ρ+
dz0
z0
, ω˜α
0 = −κα∂ρ− iAαγθ
γ , ω˜∞
0 = κ2∂ρ− ∂κ.
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4.2. Renormalized characteristic forms. Let Φ be an invariant polynomial of
degree m. It is uniquely expressed as a linear combination of terms of the form
Tm1Tm2 · · ·Tmk (m1 + · · ·+mk = m), where Tp(A) := tr(iA)
p. We omit the factor
2π in the usual definition of the characteristic forms. By using this expression, we
regard Φ as an invariant polynomial onM(r,C) for any r. Let Θi
j be the curvature
form of the renormalized connection associated with a Fefferman defining function ρ.
Then, Φ(Θ) defines a smooth closed 2m-form on Ω, which we call the renormalized
characteristic form. In [2], they define the renormalized characteristic form as
Φ(W ), using Wi
j in place of Θi
j . Near the boundary M , these forms coincide:
Proposition 4.5. (i)We have Φ(Θ) = Φ(W ) = Φ(W ′) near M .
(ii)When m = n+ 1, we have Φ(Θ) = Φ(W ′) on Ω.
Proof. (i) First we recall that Wi
j = W ′i
j near M . We take local coordinates
(z1, z2, . . . , zn+1) around a point on the boundary. By (4.4), we can decompose
Θi
j as
Θi
j =Wi
j + Ui
j
with
Ui
j := ui ∧ dz
j , ui = ρ
−1(ρikdz
k − ρkθi
k).
By (4.5), we have
(4.11) Ui
i = 0, Ui
k ∧ Uk
j = 0.
Moreover, since W can be written as
Wi
j =Wi
j
kldz
k ∧ dzl, Wi
j
kl =Wk
j
il
near M , we also have dzi ∧Wij = 0 and hence
(4.12) Ui
k ∧Wk
j = 0.
It follows from (4.11) and (4.12) that
Tp(Θ) = Tp(W )
for any p. Thus we obtain Φ(Θ) = Φ(W ) near M .
(ii) Since θi
j is a (1, 0)-form in a holomorphic frame, the curvature Θi
j does not
contain the (0, 2)-component. This implies that when Φ is of degree n+1, we have
Φ(Θ) = Φ(Θ(1,1)) = Φ(W ′) on Ω. 
By this proof, we have Φ(Θ) = Φ(W ) = Φ(W ′) globally on Ω if g = −i∂∂ log ρ
globally. Thus, when X = Cn+1 and g is the exact Cheng–Yau metric, the renor-
malized characteristic forms depend only on g and are biholomorphicaly invariant.
By (4.4), we also have the identity
(4.13) Φ(W ) = Φ(Ω˜),
where Ω˜ is the curvature form of the ambient metric g˜. Hence the renormalized
characteristic forms are nothing other than the characteristic forms of the ambient
metric.
Though Φ(Θ) depends on the choice of ρ off the boundary in general cases, it has
an advantage that it is a closed form on whole Ω since Θ is the curvature form of a
linear connection on T 1,0X . We note that T 1,0X |M is isomorphic to the direct sum
of T 1,0M and a trivial complex line bundle. Thus, the cohomology class [Φ(Θ)] on
a collar neighborhood of M is determined by Φ(T 1,0M). When the degree of Φ is
sufficiently large, this cohomology class always vanishes:
Theorem 4.6 ([25, Theorem 1.1]). Let M be a closed strictly pseudoconvex CR
manifold of dimension 2n + 1 ≥ 5. Let Φ be an invariant polynomial of degree m
with 2m ≥ n+ 2. Then Φ(T 1,0M) = 0 in H2m(M ;R).
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Corollary 4.7. Let n ≥ 2. If Φ is an invariant polynomial of degree n, then Φ(Θ)
is exact near M .
When g satisfies the Einstein equation Ric(g)+(n+2)g = 0 exactly, the renormal-
ized characteristic forms can be rewritten in terms of those of g: Let ωg = igklθ
k∧θl
be the Ka¨hler form of g. Then we have
(4.14) Ki
lΨl
j = Ψi
lKl
j = −iωgΨi
j , Ki
lKl
j = −iωgKi
j , Kl
l = −(n+ 2)iωg.
Moreover, the Einstein equation implies c1 = −(n+2)ωg. By expanding Tm(W ) =
tr
(
i(Ψ +K)
)m
, we obtain the following proposition:
Proposition 4.8 ([2, Theorem 2.1]). If g satisfies Ricij + (n+ 2)gij = 0, then we
have T1(W ) = 0 and Tm(W ) = T˜m(Ψ) for m ≥ 2, where
T˜m =
m−2∑
l=0
(−1)l
(
m
l
)
1
(n+ 2)l
c l1Tm−l + (−1)
m−1 m− 1
(n+ 2)m−1
cm1 .
It follows from this proposition that for any invariant polynomial Φ of degree m,
we have
Φ(W ) = Φ˜(Ψ)
with an invariant polynomial Φ˜ of the form
Φ˜ = Φ +
m∑
l=1
c l1φl.
For example, we have
c˜3 =
1
3
T˜3 = c3 −
n
n+ 2
c1c2 +
n(n+ 1)
3(n+ 2)2
c31.
When ρ is a Fefferman defining function and gij = −∂i∂j log ρ holds only near the
boundary, it is more convenient to use ω := −i∂∂ log ρ and W ′ = Θ(1,1) = Ψ+K ′
instead of the Ka¨hler form ωg and the renormalized curvature W . By using similar
equations as (4.14), we can expand as
(4.15) Tm(W
′) =
m−1∑
l=0
(
m
l
)
ωl ∧ Tm−l(Ψ) + (n+ 2)ω
m.
Interchanging Ψ and W ′, we also have
(4.16) Tm(Ψ) =
m−1∑
l=0
(−1)l
(
m
l
)
ωl ∧ Tm−l(W
′) + (−1)m(n+ 2)ωm.
By (4.15), (4.16), and Proposition 4.5 (ii), we obtain the expansion (1.3) for
cn+1(Θ). Also, the (4.16) implies that ω
n+1−m ∧ Φ(Ψ) for an invariant polyno-
mial Φ of degree m can be expressed in terms of ω and renormalized characteristic
forms.
4.3. Constructions of CR invariants. We will now prove Theorem 1.1. We
first prove that the left-hand side of (1.4) is independent of the choice of Fefferman
defining function ρ. To this end, we rewrite it to the logarithmic part of another
integral:
Proposition 4.9. For any Fefferman defining function ρ, we have
(4.17) fp
∫
ρ>ǫ
ωn+1−m ∧ Φ(Θ) = −lp
∫
ρ>ǫ
i∂ log ρ ∧ ∂ log ρ ∧ ωn−m ∧ Φ(W ).
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Proof. Since the logarithmic term is determined by the boundary behavior of the
integrand, we may replace Φ(W ) in the right-hand side of (4.17) by Φ(Θ). Using
dΦ(Θ) = 0, we have∫
ρ>ǫ
i∂ log ρ ∧ ∂ log ρ ∧ ωn−m ∧ Φ(Θ)
=
∫
ρ>ǫ
id log ρ ∧ ∂ log ρ ∧ ωn−m ∧ Φ(Θ)
= log ǫ
∫
ρ=ǫ
i∂ log ρ ∧ ωn−m ∧ Φ(Θ)−
∫
ρ>ǫ
i log ρ ∂∂ log ρ ∧ ωn−m ∧ Φ(Θ)
= − log ǫ
∫
ρ>ǫ
ωn+1−m ∧ Φ(Θ) +
∫
ρ>ǫ
log ρ ωn+1−m ∧ Φ(Θ).
The coefficient of log ǫ in the expansion of the first term is given by
−fp
∫
ρ>ǫ
ωn+1−m ∧ Φ(Θ).
By using the flow generated by N , we identify a neighborhood of M in Ω with
M × [0, ǫ0)ρ. Then, we can expand as
log ρ ωn+1−m ∧ Φ(Θ) =
( p∑
k=0
ρ−k(log ρ)ak(x) + O(1)
)
dρ ∧ θ ∧ (dθ)n,
where θ = (i/2)(∂ρ− ∂ρ)|TM and ak(x) is a smooth function on M . Noting that
∫
ρ−k log ρ dρ =


1
2
(log ρ)2 (k = 1)
1
1− k
ρ1−k log ρ−
1
(1− k)2
ρ1−k (k 6= 1),
we find that
lp
∫
ρ>ǫ
log ρ ωn+1−m ∧ Φ(Θ) = 0.
Thus we obtain (4.17). 
The advantage of rewriting the finite part of an integration to the log part of
another integration is that the latter does not depend on the choice of defining
function to shrink the domain, as the following lemma shows:
Lemma 4.10 (cf. [14, Theorem 3.1]). Let ρ be a Fefferman defining function and
r an arbitrary defining function of Ω. Then
lp
∫
r>ǫ
i∂ log ρ ∧ ∂ log ρ ∧ ωn−m ∧ Φ(W )
is independent of the choice of r.
Proof. Using a flow, we identify a neighborhood of M in Ω with M × [0, ǫ0)r and
write the integrand as
i∂ log ρ ∧ ∂ log ρ ∧ ωn−m ∧ Φ(W ) = ψ(x, r)dr ∧ θ ∧ (dθ)n
where ψ admits the Laurent expansion in r. Let r̂ be another defining function.
Then (x, r̂) give local coordinates and we can write as
r = b(x, r̂)r̂
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with b smooth up to the boundary. We have∫
r̂ >ǫ
ψ(x, r)dr ∧ θ ∧ (dθ)n −
∫
r>ǫ
ψ(x, r)dr ∧ θ ∧ (dθ)n
=
∫ ǫ
b(x,ǫ)ǫ
∫
M
ψ(x, r)dr ∧ θ ∧ (dθ)n
and this has no logarithmic term. Thus we obtain the lemma. 
Proposition 4.11. Let ρ, ρ̂ be Fefferman defining functions. Then we have
(4.18)
lp
∫
ρ̂ >ǫ
i∂ log ρ̂ ∧ ∂ log ρ̂ ∧ ω̂n−m ∧ Φ(W )
= lp
∫
ρ>ǫ
i∂ log ρ ∧ ∂ log ρ ∧ ωn−m ∧ Φ(W ).
Proof. By Lemma 4.10, we may replace the domain of integration in the left-hand
side by {ρ > ǫ}. By Proposition 3.3, we can write ρ̂ = eΥρ with Υ ∈ C∞(Ω) such
that ∂∂Υ = 0 near M . Thus, we have∫
ρ>ǫ
i∂ log ρ̂ ∧ ∂ log ρ̂ ∧ ω̂n−m ∧ Φ(W )
=
∫
ρ>ǫ
i∂ log ρ ∧ ∂ log ρ ∧ ωn−m ∧ Φ(W ) +
∫
ρ>ǫ
i∂Υ ∧ ∂Υ ∧ ωn−m ∧ Φ(W )
+ 2Re
∫
ρ>ǫ
i∂ log ρ ∧ ∂Υ ∧ ωn−m ∧ Φ(W ) +
∫
ρ>ǫ
(cpt supp),
where (cpt supp) denotes a compactly supported form on Ω. Since Φ(W ) is closed
near M , the second term in the right-hand side is equal to∫
ρ=ǫ
iΥ∂Υ ∧ ωn−m ∧ Φ(W ) +
∫
ρ>ǫ
(cpt supp),
which gives no log ǫ term. On the other hand, noting that Φ(W ) is an (m,m)-form
on Ω, we compute as∫
ρ>ǫ
i∂ log ρ ∧ ∂Υ ∧ ωn−m ∧Φ(W )
=
∫
ρ>ǫ
id log ρ ∧ ∂Υ ∧ ωn−m ∧ Φ(W )
= i log ǫ
∫
ρ=ǫ
∂Υ ∧ ωn−m ∧ Φ(W ) +
∫
ρ>ǫ
(cpt supp).
Here, the integrand of the first term in the last expression is exact near M : When
m < n, this follows from the exactness of ω, and when m = n Proposition 4.5 (i)
and Corollary 4.7 imply the exactness of Φ(W ). Thus, this term does not have log ǫ
term either. Hence we obtain (4.18). 
Remark 4.12. When n ≥ 2, we can embed M as the boundary of a strictly pseu-
doconvex domain Ω in a Ka¨hler manifold X ([23, Theorem 8.1]), and a CR pluri-
harmonic function on M is extended to a global pluriharmonic function on Ω ([16,
Theorem 7.1]). Then, the last part of the proof can also be given as follows:∫
ρ=ǫ
∂Υ ∧ ωn−m ∧ Φ(W ) =
∫
ρ=ǫ
∂Υ ∧ ωn−m ∧ Φ(Θ)
=
∫
ρ>ǫ
d
(
∂Υ ∧ ωn−m ∧ Φ(Θ)
)
= 0.
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It follows from Proposition 4.9 and 4.11 that the left-hand side of (1.4) is inde-
pendent of the choice of Fefferman defining function ρ.
Next we will show that the finite part is expressed in terms of pseudo-hermitian
invariants as in (1.4). Since ω = d(ϑ/ρ) and dΦ(Θ) = 0, we have
(4.19)
∫
ρ>ǫ
ωn+1−m ∧ Φ(Θ) =
∫
ρ=ǫ
ǫ−n−1+mϑ ∧ (dϑ)n−m ∧Φ(Θ).
If we identify a neighborhood of M in Ω with M × [0, ǫ0)ρ by the flow of N , we can
write as
ϑ ∧ (dϑ)n−m ∧Φ(Θ) = F (x, ρ)θ ∧ (dθ)n + dρ ∧ η
with a smooth function F and a 2n-form η. Then, by (4.19) we have
fp
∫
ρ>ǫ
ωn+1−m ∧ Φ(Θ) =
1
(n+ 1−m)!
∫
M
(∂n+1−mρ F )(x, 0)θ ∧ (dθ)
n.
On the other hand, using LNdρ = 0, we have
Ln+1−mN
(
ϑ ∧ (dϑ)n−m ∧ Φ(Θ)
)
= (∂n+1−mρ F )(x, ρ)θ ∧ (dθ)
n + dρ ∧ Ln+1−mN η.
Hence we obtain
(4.20) fp
∫
ρ>ǫ
ωn+1−m ∧Φ(Θ) =
1
(n+ 1−m)!
∫
M
Ln+1−mN
(
ϑ ∧ (dϑ)n−m ∧Φ(Θ)
)
.
Since LNdρ = 0, we can ignore terms which contain dρ in the computation of the
integrand of the right-hand side. By LNϑ = −κϑ and LNdϑ ≡ −κdϑ mod ϑ, we
have
LpN
(
ϑ ∧ (dϑ)n−m
)
= ψ(κ,Nκ, . . . , Np−1κ)ϑ ∧ (dϑ)n−m
with some polynomial ψ. On the other hand, by (4.6), we may write as
Φ(Θ) ≡ G(hαβ , Rαβγµ, Aαβ , κ, ρ,∇α)(dϑ)
m mod dρ, ϑ,
in which the covariant derivatives are all tangential. We note that when we apply
LN to the function G, we may replace it by ∇N . The commutators of ∇N and tan-
gential differentiations can be computed with the torsion and curvature tensors of
the Graham–Lee connection, expressed by hαβ , Rαβγµ, Aαβ , κ and their tangential
derivatives. Thus, we can express the integrand in the right-hand side of (4.20) by
(4.21) hαβ , ∇
p
NRαβγµ, ∇
p
NAαβ , N
p−1κ (p ≤ n+ 1)
and their tangential derivatives. By Proposition 3.5, these can be written in terms
of Tanaka–Webster curvature quantities. Thus we complete the proof of Theorem
1.1.
We remark that when m = 1, i.e., Φ is a multiple of T1 = c1, the corresponding
invariant vanishes; in fact, from
T1(W ) = i(Ricjk + (n+ 2)gjk) θ
j ∧ θk = ∂∂ O(ρn+2)
and
∂ log ρ ∧ ∂ log ρ ∧ ωn−1 = ρ−n−1∂ρ ∧ ∂ρ ∧ (dϑ)n−1,
we see that the right-hand side of (4.17) vanishes. By a similar estimate, we can
ignore the terms which contain T1 when we express Φ as a linear combination of
polynomials of the form Tm1 · · ·Tmk . If Φ 6= 0 modulo T1, then our invariants turn
out to be non-trivial; see Remark 6.8
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4.4. The case of the exact Cheng–Yau metric. We consider the case where
X = Cn+1 and g is the exact Ka¨hler–Einstein metric g˚ij = −∂i∂j log u defined via
the Monge–Ampe`re solution of Cheng–Yau [9]. In this case, u has a logarithmic
singularity of the form
(4.22) u ∼ ρ
∞∑
j=0
ηj(ρ
n+2 log ρ)j , ηj ∈ C
∞(Ω),
where ρ ∈ C∞(Ω) is an arbitrary smooth defining function ([22]). We take a
Fefferman defining function as ρ, in which case we have η0 = 1+O(ρ
n+2). We will
show that we may use this exact Cheng–Yau metric to obtain the same global CR
invariants in Theorem 1.1.
For a function f ∈ C∞(Ω), we write
f = O(ρm log ρ)
if f admits an expansion of the form
f ∼ a0ρ
m + a1ρ
m log ρ+
∞∑
j=m+1
kj∑
l=0
bj,lρ
j(log ρ)l
with a0, a1, bj,l ∈ C∞(Ω). Then, by (4.22), we have
(4.23) u = ρ(1 +O(ρn+2 log ρ)) = ρ+O(ρn+3 log ρ).
Let ψ˚i
j , Ω˚i
j be the connection and the curvature forms of the Levi-Civita connection
form of g˚. As before we define the renormalized connection by
θ˚i
j := ψ˚i
j +
1
u
(ukδi
j + uiδk
j)θk.
We also define
W˚i
j := Ω˚i
j + (˚gklδi
j + g˚ilδk
j)θk ∧ θl,
which coincides with the (1, 1)-part of the curvature form Θ˚i
j of θ˚i
j . We will exam-
ine the boundary regularity of these forms by using the formula from Proposition
4.1
θ˚i
j = g˚jl
(
−
ukil
u
+
uluki
u2
)
dzk
in a local coordinate system (z1, . . . , zn+1). We set gij := −∂i∂j log ρ so that
g˚ = g + ∂∂ O(ρn+2 log ρ).
In a Graham–Lee coframe {θα, θ∞ = ∂ρ}, we have
g = ρ−1hαβθ
α ∧ θβ + ρ−2(1 + κρ)∂ρ ∧ ∂ρ.
and thus
g˚αβ = ρ
−1hαβ +O(ρ
n+2 log ρ), g˚α∞ = O(ρ
n+1 log ρ),
g˚∞∞ = ρ
−2(1 + κρ) +O(ρn log ρ).
Hence we have
g˚ = (I +A)g
with a matrix A = O(ρn+1 log ρ). Note that this also holds in the coframe {dzj}.
Tanking the inverse we obtain
g˚−1 = g−1(I +A′), A′ = O(ρn+1 log ρ),
which gives
g˚jl = gjl +O(ρn+2 log ρ) = O(ρ) +O(ρn+2 log ρ),
g˚jlρl = g
jlρl +O(ρ
n+3 log ρ) = O(ρ2) +O(ρn+3 log ρ).
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It follows that
g˚jlukil = g˚
jl
(
ρki +O(ρ
n+1 log ρ)
)
l
= gjlρkil +O(ρ
n+2 log ρ),
g˚jlul = g˚
jl(ρl +O(ρ
n+2 log ρ)) = gjlρl +O(ρ
n+3 log ρ).
Therefore we get
θ˚i
j = g˚jl
(
−
ukil
u
+
uluki
u2
)
dzk
=
−gjlρkil +O(ρ
n+2 log ρ)
ρ(1 +O(ρn+2 log ρ))
+
(gjlρl +O(ρ
n+3 log ρ))(ρki +O(ρ
n+1 log ρ))
ρ2(1 +O(ρn+2 log ρ))
= θi
j +O(ρn+1 log ρ)
and
Θ˚i
j = Θi
j +O(ρn log ρ), W˚i
j = (Θ˚i
j)(1,1) =Wi
j +O(ρn log ρ).
Now we will prove that in Theorem 1.1 we can replace the metric g by g˚:
Proposition 4.13. Let Φ be an invariant polynomial of degree m (0 ≤ m ≤ n).
Then we have
lp
∫
ρ>ǫ
i∂ log ρ ∧ ∂ log ρ ∧ ωn−m ∧ Φ(Θ)
= lp
∫
ρ>ǫ
i∂ log u ∧ ∂ log u ∧ ωn−mg˚ ∧ Φ(W˚ )
= lp
∫
u>ǫ
i∂ log u ∧ ∂ log u ∧ ωn−mg˚ ∧ Φ(W˚ ).
Proof. The second equality follows from a computation similar to the proof of
Lemma 4.10, so we only show the first equality. When m = 0, the proposition is
reduced to [17, Lemma 3.2]. When m = 1, Φ is a multiple of T1, so both sides are
equal to 0. Thus, we may assume that m ≥ 2.
We note that we can replace W˚ by Θ˚ since Φ(W˚ ) = Φ(Θ˚) on Ω. By (4.23), we
have
ωg˚ = ω + ∂∂ O(ρ
n+2 log ρ),
∂ log u ∧ ∂ log u = ∂ log ρ ∧ ∂ log ρ+ O(ρn+1 log ρ),
∂ρ ∧ ∂ρ ∧ ∂ log u ∧ ∂ log u = O(ρn+2 log ρ),
and hence
i∂ log u ∧ ∂ log u ∧ ωn−mg˚ = i∂ log ρ ∧ ∂ log ρ ∧ ω
n−m +O(ρm+1 log ρ).
Moreover, since θ˚i
j = θi
j +O(ρn+1 log ρ), we have
∂ρ ∧ ∂ρ ∧ Θ˚i
j = ∂ρ ∧ ∂ρ ∧Θi
j +O(ρn+1 log ρ).
Consequently, we obtain
i∂ log u ∧ ∂ log u ∧ ωn−mg˚ ∧ Φ(Θ˚)
= i∂ log ρ ∧ ∂ log ρ ∧ ωn−m ∧Φ(Θ) +O(ρm−1 log ρ)
and complete the proof. 
Proposition 4.14. Let Φ be an invariant polynomial of degree m (2 ≤ m ≤ n).
Then we have
fp
∫
u>ǫ
ωn+1−mg˚ ∧ Φ(Θ˚) = fp
∫
ρ>ǫ
ωn+1−m ∧ Φ(Θ).
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Proof. First we prove that we may replace u in the left-hand side by ρ. We identify
a neighborhood of M in Ω with M × [0, ǫ0)ρ and write
ωn+1−mg˚ ∧ Φ(Θ˚) = f(x, ρ)dρ ∧ θ ∧ (dθ)
n.
Here the function f is O(ρ−(n+1−m)−1) and may involve some logarithmic terms.
Let φǫ(x) be a function on M defined by the equation u(x, φǫ(x)) = ǫ for small
ǫ > 0. Then, φǫ(x) = ǫ(1 +O(ǫ
n+2 log ǫ)), and we have∫
u>ǫ
ωn+1−mg˚ ∧ Φ(Θ˚)−
∫
ρ>ǫ
ωn+1−mg˚ ∧Φ(Θ˚)
=
∫
M
∫ ǫ
φǫ(x)
f(x, ρ)dρ ∧ θ ∧ (dθ)n.
Since ∫ ǫ
φǫ(x)
f(x, ρ)dρ = O([ρ−(n+1−m)]ǫǫ(1+O(ǫn+2 log ǫ)))
= ǫ−(n+1−m) ·O(ǫn+2 log ǫ)
= O(ǫm+1 log ǫ),
we have
fp
∫
u>ǫ
ωn+1−mg˚ ∧ Φ(Θ˚) = fp
∫
ρ>ǫ
ωn+1−mg˚ ∧Φ(Θ˚)
Next, we compare the integrands. From Θ˚i
j = Θi
j +O(ρn log ρ), we have
Φ(Θ˚) = Φ(Θ) +O(ρn log ρ),
and the term O(ρn log ρ) is closed. From ωg˚ = ω + ∂∂ O(ρ
n+2 log ρ), we have
ωn+1−mg˚ = ω
n+1−m + dO(ρm+1 log ρ).
Consequently, we obtain
ωn+1−mg˚ ∧ Φ(Θ˚) = ω
n+1−m ∧ Φ(Θ) + dO(ρm−1 log ρ)
and complete the proof. 
5. The I ′Φ-curvatures
The CR invariance of the total Q′-curvature is explained by its transformation
formula under changes of pseudo-Einstein contact forms ([8, 16, 20]). In this section,
we construct a Tanaka–Webster curvature quantity I ′Φ for each invariant polynomial
Φ of degree n which integrates to the global CR invariant given by Theorem 1.1.
When n = 1, the invariant is trivial, so we assume n ≥ 2. We denote the weighted
contact form θ and the weighted Levi form hαβ simply by θ and hαβ .
5.1. The Lefschetz decomposition of differential forms. Here we summarize
the formulas for differential forms that we use in the subsequent subsections.
Let V be an n-dimensional complex vector space, and let
ω = ihαβθ
α ∧ θβ ∈ ∧1,1V ∗
be a real (1, 1)-form on V , where hαβ is a non-degenerate hermitian form. We
define the operator L by Lϕ := ω ∧ ϕ. Then, for
(5.1) ϕ =
1
p!q!
ϕα1···αpβ1···βqθ
α1 ∧ · · · ∧ θαp ∧ θβ1 ∧ · · · ∧ θβq ∈ ∧p,qV ∗,
we have
Lϕ =
1
(p+ 1)!(q + 1)!
(Lϕ)αα1···αpββ1···βq
θα ∧ θα1 ∧ · · · ∧ θαp ∧ θβ ∧ θβ1 ∧ · · · ∧ θβq ,
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where
(Lϕ)αα1···αpββ1···βq = (−1)
pi(p+ 1)(q + 1)h[αβϕα1···αpβ1···βq ].
Let Λ : ∧p,q → ∧p−1,q−1 be the adjoint operator of L with respect to the hermitian
inner product
〈ϕ, ψ〉h :=
1
p!q!
ϕα1···αpβ1···βqψ
α1···αpβ1···βq .
For ϕ given by (5.1), we have
Λϕ =
−i(−1)p−1
(p− 1)!(q − 1)!
hαβϕαα2···αpββ2···βqθ
α2 ∧ · · · ∧ θαp ∧ θβ2 ∧ · · · ∧ θβq .
We note that if we write ϕ ∈ ∧n,nV ∗ as
1
n!n!
ϕα1β1···αnbn
θα1 ∧ θβ1 ∧ · · · ∧ θαn ∧ θβn ,
then we have
Λnϕ = (−i)nhα1β1 · · ·hαnβnϕα1β1···αnβn .
Similarly, for
ϕ =
1
n!(n− 1)!
ϕαα1β1···αn−1βn−1θ
α ∧ θα1 ∧ θβ1 ∧ · · · ∧ θαn−1 ∧ θβn−1 ∈ ∧n,n−1V ∗,
we have
Λn−1ϕ = (−i)n−1hα1β1 · · ·hαn−1βn−1ϕαα1β1···αn−1βn−1θ
α.
By a simple induction, we have the following proposition:
Proposition 5.1. Let ϕ ∈ ∧p,qV ∗. Then we have
[Λ, Lm]ϕ = m(n− p− q −m+ 1)Lm−1ϕ,(5.2)
[Λm, L]ϕ = m(n− p− q +m− 1)Λm−1ϕ.(5.3)
If ϕ satisfies Λϕ = 0, then we have
(5.4) ΛkLmϕ =
m!
(m− k)!
(n− p− q −m+ 1) · · · (n− p− q −m+ k)Lm−kϕ
for k ≤ m.
Thus, if we set Hϕ := (n− p− q)ϕ, then {L,H,Λ} forms an sl(2)-triple:
[H,L] = −2L, [H,Λ] = 2Λ, [Λ, L] = H.
Consequently, ∧V ∗ admits the irreducible decomposition with respect to the action
of sl(2,C), which is called the Lefschetz decomposition. Using this decomposition
and equations (5.2), (5.3), we can derive the following formulas:
Proposition 5.2. (i) For ϕ ∈ ∧n,nV ∗, we have
ϕ =
1
(n!)2
LnΛnϕ.
(ii) For ϕ ∈ ∧n,n−1V ∗, we have
ϕ =
1(
(n− 1)!
)2Ln−1Λn−1ϕ.
(iii) For ϕ ∈ ∧n−1,n−1V ∗, we have
Lϕ =
1
n!(n− 1)!
LnΛn−1ϕ.
(iv) For ϕ ∈ ∧m,mV ∗ (0 ≤ m ≤ n− 1), we have
Λn−2Ln−m−1ϕ =
(n− 2)!(n−m− 1)!
m!
(
mΛm−1ϕ+ (n−m− 1)LΛmϕ
)
.
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(v) Let n ≥ 3. For ϕ ∈ ∧m,m−1V ∗ (2 ≤ m ≤ n− 1), we have
Λn−3Ln−m−1ϕ =
(n− 3)!(n−m− 1)!
(m− 1)!
(
(m− 1)Λm−2ϕ+ (n−m− 1)LΛm−1ϕ
)
.
5.2. Definition of the I ′Φ-curvatures. Let (M,H, J) be a (2n+ 1)-dimensional
compact strictly pseudoconvex CR manifold. We denote the weighted Levi form
by hαβ ∈ Eαβ(1, 1) instead of hαβ . We first define a pseudo-hermitian invariant
I ′Φ ∈ E(−m − 1,−m − 1) for each invariant polynomial Φ of degree m, and later
restrict to the case m = n. We set Tp(A) := tr(iA)
p. It suffices to consider Φ of
the form
Φ = Tm1Tm2 · · ·Tmk , m1 + · · ·+mk = m.
First, for each p ≥ 1, we set
R˜
(p)
A1B1···ApBp
:= Ωγ1
γ2
A1B1
Ωγ2
γ3
A2B2
· · ·Ωγp
γ1
ApBp
∈ EA1B1···ApBp(−p,−p),
where ΩγµA
B is the curvature of the CR tractor connection. Then, for the above
Φ, we define
SΦ
A1B1
:= hA2B2 · · ·hAmBmR˜
(m1)
[A1B1···Am1Bm1
R˜
(m2)
Am1+1Bm1+1···
· · · R˜
(mk)
···AmBm]
=


0 0 0
SΦα1∞ S
Φ
α1β1
0
SΦ∞∞ S
Φ
∞β1
0

 ∈ EA1B1(−m,−m).
Since SΦ
AB
is hermitian, we have
SΦ
αβ
= SΦβα, S
Φ
α∞ = S
Φ
∞α, S
Φ
∞∞ = S
Φ
∞∞.
The real density
SΦ := hABSΦ
AB
= hαβSΦ
αβ
∈ E(−m,−m)
is CR invariant and a polynomial in the Chern–Moser tensor. Finally, using the
CR D-operator, we define
S˜Φ
AB
:= SΦ
AB
−
1
n
SΦhAB −
1
nm(n− 2m)
(ZBDAS
Φ + ZADBS
Φ)
=

 0 0 0XΦα SΦ(αβ)0 0
I ′Φ X
Φ
β
0

 ∈ EAB(−m,−m),
where we have set
XΦα := S
Φ
α∞ −
1
nm
∇αS
Φ ∈ Eα(−m,−m),
I ′Φ := S
Φ
∞∞ −
1
nm(n− 2m)
(∆bS
Φ + 2mPSΦ) ∈ E(−m− 1,−m− 1),
and XΦα := X
Φ
α . Let θ̂ = e
Υθ be a rescaling of the contact form. By using (2.2), we
obtain the transformation formulas
(5.5)
X̂Φα = X
Φ
α − S
Φ
(αβ)0
Υβ ,
Î ′Φ = I
′
Φ −X
Φ
αΥ
α −XΦαΥ
α + SΦ
(αβ)0
ΥαΥβ.
Remark 5.3. By the correspondence between the CR tractor bundle and the ambi-
ent metric, we can also write as
R˜
(p)
A1B1···ApBp
= R˜C1
C2
A1B1
R˜C2
C3
A2B2
· · · R˜Cp
C1
ApBp
= SC1
C2
A1B1
SC2
C3
A2B2
· · ·SCp
C1
ApBp
,
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where R˜ABCE is the ambient curvature tensor and SABCE is the CR Weyl tractor;
see Proposition 6.5.
5.3. Relation to the characteristic class Φ(T 1,0M). Now we specialize to the
case of m = n, where we have
XΦα = S
Φ
α∞ −
1
n2
∇αS
Φ,
I ′Φ = S
Φ
∞∞ +
2
n2
PSΦ +
1
n3
∆bS
Φ.
If we set
S
(p)
α1β1···αpβp
:= Sγ1
γ2
α1β1
Sγ2
γ3
α2β2
· · ·Sγp
γ1
αpβp
,
then
SΦ
α1β1
= hα2β2 · · ·hαnβnS
(m1)
[α1β1···αm1βm1
S
(m2)
αm1+1βm1+1···
· · · S
(mk)
···αnβn]
.
Since ∧n,nH∗ ⊂ ImLn with L := dθ ∧ (·) by the Lefschetz decomposition, we have
SΦ
(αβ)0
= 0.
Therefore, by (5.5) XΦα is CR invariant, and I
′
Φ transforms as
(5.6) Î ′Φ = I
′
Φ −X
Φ
αΥ
α −XΦαΥ
α.
We define
(V S(p))αα1β1···αpβp := Vγ0
γ1
αSγ1
γ2
α1β1
· · ·Sγp
γ0
αpβp
.
Then from Ωγ
µ
α∞ = iVγ
µ
α, we get
R˜
(p)
α1∞α2β2···αpβp
= i(V S(p−1))α1α2β2···αpβp .
We also define S
′(p)
α by
S′(p)αm1+···+mp−1+1
:= hα1β1 · · · ĥ
αm1+···+mp−1+1βm1+···+mp−1+1 · · ·hαnβn
· S
(m1)
[α1β1···
· · · (V S(mp−1))αm1+···+mp−1+1··· · · ·S
(mk)
···αnβn]
,
where the hat denotes the omission. Then we have
SΦα∞ =
k∑
p=1
(mp
n
hα2β2 · · ·hαnβnS
(m1)
[αm1+···+mp−1+1βm1+···+mp−1+1α2β2···
· S
(m2)
αm1+1βm1+1···
· · · i(V S(mp−1))ααm1+···+mp−1+2··· · · ·S
(mk)
···αnβn]
)
=
i
n
k∑
p=1
mpS
′(p)
α .
Thus, XΦα is written as
(5.7) XΦα =
i
n
k∑
p=1
mpS
′(p)
α −
1
n2
∇αS
Φ.
We recall that if M admits a pseudo-Einstein contact form, then the first Chern
class of T 1,0M vanishes in the real cohomology [21, Proposition D]. In this case,
XΦα is related to the characteristic class Φ(T
1,0M) as follows:
Proposition 5.4. If c1(T
1,0M) = 0 in H2(M ;R), then the CR invariant 2n-form
(5.8) n2(XΦα θ
α +XΦα θ
α) ∧ θ ∧ (dθ)n−1
is a representative of the characteristic class Φ(T 1,0M) ∈ H2n(M ;R).
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Proof. We consider the weighted tractor bundle
EA(1, 0) ∼= E(1, 1)⊕ Eα ⊕ E(0, 0),
which can always be defined globally over M . Since E(1, 1) and E(0, 0) are trivial,
we have Φ(T 1,0M) = Φ(EA(1, 0)). The curvature form of the connection on EA(1, 0)
is given by
ΩA
B +
1
n+ 2
(dωγ
γ)δA
B,
where ωα
β is the Tanaka–Webster connection form and
ΩA
B =

0 0 0∗ Sαβγµθγ ∧ θµ + Vαβγθγ ∧ θ + V βαµθ ∧ θµ 0
∗ ∗ 0


is the tractor curvature form. Since dωγ
γ is exact by the assumption c1(T
1,0M) = 0,
we have
Φ(EA(1, 0)) = [Φ(Ω)].
By using Proposition 5.2 (i), (ii), we can compute Φ(Ω) as
Φ(Ω) = Φ0 +Φ1 +Φ1,
where
Φ0 = i
nS
(m1)
[α1β1···αm1βm1
· · ·S
(mk)
···αnβn]
θα1 ∧ θβ1 · · · θαn ∧ θβn
= SΦ(dθ)n,
Φ1 = i
nm1(V S
(m1−1))[α1α2β2··· S
(m2)
αm1+1βm1+1···
· · ·S
(mk)
···αnβn]
· (θα1 ∧ θ) ∧ θα2 ∧ θβ2 ∧ · · · ∧ θαn ∧ θβn
+ · · ·
+ inmkS
(m1)
[α1β1···
S
(m2)
αm1+1βm1+1···
· · · (V S(mk−1))αn−mk+1αn−mk+2βn−mk+2···αnβn]
· θα1 ∧ θβ1 ∧ · · · ∧ (θαn−mk+1 ∧ θ) ∧ · · · ∧ θαn ∧ θβn
= in
k∑
p=1
mpS
′(p)
α θ
α ∧ θ ∧ (dθ)n−1.
Hence by (5.7), we obtain
Φ(Ω) = SΦ(dθ)n + in
k∑
p=1
mp(S
′(p)
α θ
α − S
′(p)
α θ
α) ∧ θ ∧ (dθ)n−1
= n2(XΦα θ
α +XΦα θ
α) ∧ θ ∧ (dθ)n−1 + d
(
SΦθ ∧ (dθ)n−1
)
,
which completes the proof. 
5.4. CR invariance of the total I ′Φ-curvature. By using the vanishing of the
cohomology Φ(T 1,0M), we can prove that when θ is a pseudo-Einstein contact form,
the integral of I ′Φ is independent of the choice of θ:
Theorem 5.5. Let Φ be an invariant polynomial of degree n. For pseudo-Einstein
contact forms θ and θ̂, we have ∫
M
Î ′Φ =
∫
M
I ′Φ.
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Proof. We can write θ̂ = eΥθ with a CR pluriharmonic function Υ. If we set
η := i(Υαθ
α −Υαθ
α) +
1
n
(∆bΥ)θ,
then we have dη = 0 by Proposition 2.1, and
η ∧ (XΦα θ
α +XΦα θ
α) ∧ θ ∧ (dθ)n−1 = i(ΥαX
Φ
β
+ΥβX
Φ
α )θ
α ∧ θβ ∧ θ ∧ (dθ)n−1
=
1
n
(XΦαΥ
α +XΦαΥ
α)θ ∧ (dθ)n.
By Theorem 4.6 and Proposition 5.4, this is an exact form on M . Hence we obtain∫
M
(Î ′Φ − I
′
Φ) = −
∫
M
(XΦαΥ
α +XΦαΥ
α)θ ∧ (dθ)n = 0.

Remark 5.6. If we realize M as the boundary of a domain Ω in a Ka¨hler manifold
as in Remark 4.12, we can give an alternative proof to the CR invariance of I
′
Φ as
follows:
We extend Υ to a pluriharmonic function Υ˜ on Ω and set η˜ := i(∂Υ˜ − ∂Υ˜).
Then, dη˜ = 0 and η = η˜ |TM . Since T 1,0X |M is isomorphic to the direct sum of
T 1,0M and a trivial line bundle, we have Φ(T 1,0M) = Φ(T 1,0X)|TM . Therefore,
by Proposition 5.4,∫
M
(Î ′Φ − I
′
Φ) = −
∫
M
(XΦαΥ
α +XΦαΥ
α)θ ∧ (dθ)n
= −
1
n
∫
M
η˜ ∧ Φ(T 1,0X)
= −
1
n
∫
Ω
d
(
η˜ ∧ Φ(T 1,0X)
)
= 0.
Remark 5.7. The de Rham cohomology of M is canonically isomorphic to the
cohomology of the Rumin complex ([24]). For an invariant polynomial Φ of degree
n, exactness of the 2n-form (5.8) implies that one can write as
XΦα = ∇
βωαβ + i∇
βωαβ
with a trace-free hermitian tensor ωαβ ∈ E(αβ)0(−n + 1,−n+ 1) and a skew sym-
metric tensor ωαβ ∈ E[αβ](−n+ 1,−n+ 1). It follows that
Re(XΦαΥ
α) = P1Υ + P2Υ,
where
P1Υ := Re((∇
βωαβ)Υ
α), P2Υ := Re((i∇
βωαβ)Υ
α).
For CR pluriharmonic functions Υ,Υ′, we have∫
M
(ΥP1Υ
′ −Υ′P1Υ) =
∫
M
(ΥP2Υ
′ +Υ′P2Υ) = 0,
which explains the CR invariance of I
′
Φ. As is pointed out in [6, Remark 8.12], the
operator Υ 7→ Re(XΦαΥ
α) is formally self-adjoint on the space of CR pluriharmonic
functions if we can take ωαβ = 0.
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5.5. The IΦ-invariant. We can define a CR invariant density IΦ, for which I ′Φ
can be considered as the “primed analogue” (cf. [6, Remark 8.11]):
Proposition 5.8. For an invariant polynomial Φ of degree m ≥ 2, define a density
IΦ ∈ E(−m− 1,−m− 1) by
IΦ := ∇
αXΦα − S
Φ
αβ
P (βα)0 + (n−m)I ′Φ
= ∇α
(
SΦα∞ −
1
nm
∇αS
Φ
)
− SΦ
αβ
P (βα)0
+ (n−m)
(
SΦ∞∞ −
2
n(n− 2m)
PSΦ −
1
nm(n− 2m)
∆bS
Φ
)
.
Then we have
DAS˜Φ
AB
= (n− 2m+ 1)IΦZB.
In particular, IΦ is a CR invariant.
Remark 5.9. Since any tractor t ∈ E∗(w,w′) satisfies
DB(tZB) = (n+ w + 1)(n+ w + w
′ + 2)t,
we also have the equation
DADB S˜Φ
AB
= DBDAS˜Φ
AB
= (n− 2m+ 1)(n−m)(n− 2m)IΦ.
By a direct computation, one has
DAS˜Φ
AB
=W β
B
Fβ + (n− 2m+ 1)IΦZB,
with
Fβ =
n− 2m+ 1
m
(
m(n−m)SΦ
∞β
+m∇αSΦ
αβ
−∇βS
Φ
)
.
Hence it suffices to prove Fβ = 0. When m = n this follows from S
Φ
(αβ)0
= 0, so we
assume that 2 ≤ m ≤ n− 1.
We consider a 2m-form
ϕ = ϕ(0) + θ ∧ (ϕ(1) + ϕ(2))
on M , where
ϕ(0) = ϕ
(0)
α1β1···αmβm
θα1 ∧ θβ1 ∧ · · · ∧ θαm ∧ θβm ∈ ∧m,mCH∗,
ϕ(1) = ϕ
(1)
αα2β2···αmβm
θα ∧ θα2 ∧ θβ2 ∧ · · · ∧ θαm ∧ θβm ∈ ∧m,m−1CH∗,
ϕ(2) = ϕ
(2)
βα2β2···αmβm
θβ ∧ θα2 ∧ θβ2 ∧ · · · ∧ θαm ∧ θβm ∈ ∧m−1,mCH∗.
We set
ϕ˜
(0)
α1β1
:= hα2β2 · · ·hαmβmϕ
(0)
α1β1···αmβm
, ϕˆ(0) := hα1β1ϕ˜
(0)
α1β1
,
ϕ˜
(1)
αα2β2
:= hα3β3 · · ·hαmβmϕ
(1)
αα2β2···αmβm
, ϕˆ(1)α := h
α2β2ϕ˜
(1)
αα2β2
,
ϕ˜
(2)
βα2β2
:= hα3β3 · · ·hαmβmϕ
(2)
βα2β2···αmβm
, ϕˆ
(2)
β
:= hα2β2ϕ˜
(2)
βα2β2
.
Proposition 5.10. Suppose that dϕ = 0. Then we have
(5.9) m∇βϕ˜
(0)
αβ
−∇αϕˆ
(0) − (n−m)iϕˆ(1)α = 0.
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Proof. We consider the closed form
Ln−m−1ϕ = Ln−m−1ϕ(0) + θ ∧ (Ln−m−1ϕ(1) + Ln−m−1ϕ(2)),
where L = dθ ∧ (·). By the Lefschetz decomposition, we can write as
(5.10) Ln−m−1ϕ(0) = Ln−1ψ + Ln−2ψ1, ψ ∈ ∧
0,0, ψ1 ∈ ∧
1,1
0 := KerΛ.
First, we apply Λn−1 to (5.10). By using (5.4) and Proposition 5.2 (iv), we obtain
ψ =
(n−m)!
n!m!
Λmϕ(0).
Next, we apply Λn−2 to (5.10) and use the same formulas to obtain
ψ1 =
(n−m− 1)!
(n− 2)!(m− 1)!
(
Λm−1ϕ(0) −
1
n
LΛmϕ(0)
)
.
Thus we have
Ln−m−1ϕ(0) =
(n−m− 1)!
(n− 2)!(m− 1)!
(
Ln−2Λm−1ϕ(0) −
m− 1
m(n− 1)
Ln−1Λmϕ(0)
)
.
In a similar way, we can write
Ln−m−1ϕ(1) = Ln−2η1 + L
n−3η2, η1 ∈ ∧
1,0, η2 ∈ ∧
2,1
0
and compute η1, η2 by using Proposition 5.2 (v). As a result, we obtain
Ln−m−1ϕ(1) =
(n−m− 1)!
(n− 3)!(m− 2)!
(
Ln−3Λm−2ϕ(1)−
m− 2
(n− 2)(m− 1)
Ln−2Λm−1ϕ(1)
)
.
The same formula holds for ϕ(2). It follows that
(n− 2)!(m− 1)!
(n−m− 1)!
Ln−m−1ϕ = Ln−2Λm−1ϕ(0) −
m− 1
m(n− 1)
Ln−1Λmϕ(0)
+ θ ∧
(
(n− 2)(m− 1)Ln−3Λm−2(ϕ(1) + ϕ(2))
− (m− 2)Ln−2Λm−1(ϕ(1) + ϕ(2))
)
.
The right-hand side is a non-zero multiple of
ϕ˜
(0)
αβ
θα ∧ θβ ∧ (dθ)n−2 +
m− 1
m(n− 1)
iϕˆ(0)(dθ)n−1
+ θ ∧
((n− 2)(m− 1)
2m
i(ϕ˜
(1)
γαβ
θγ ∧ θα ∧ θβ + ϕ˜
(2)
γαβ
θγ ∧ θα ∧ θβ) ∧ (dθ)n−3
−
m− 2
m
(ϕˆ(1)α θ
α + ϕˆ
(2)
α θ
α) ∧ (dθ)n−2
)
and this must a be closed form. We differentiate this form modulo θ and look at
the coefficient of θγ ∧ θα ∧ θβ ∧ (dθ)n−2. Then we have
∇[γϕ˜
(0)
α]β
−
m− 1
m(n− 1)
∇[γϕˆ
(0)hα]β +
(n− 2)(m− 1)
2m
iϕ˜
(1)
γαβ
−
m− 2
m
iϕˆ
(1)
[γ hα]β = 0.
Taking the trace with respect to (γ, β), we obtain (5.9). 
Now we apply the proposition to the closed form ϕ = Φ(Ω). Since
ϕ˜
(0)
αβ
= SΦ
αβ
, ϕˆ(0) = SΦ, ϕˆ(1)α = imS
Φ
α∞,
the equation (5.9) implies Fα = 0.
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5.6. Explicit formulas. We will give some explicit formulas for XΦα and I
′
Φ. We
note that by ΩαβA
A = 0 we have I ′Φ = 0 when Φ is factored by T1(= c1). Thus, Φ
should be considered modulo c1. For Φ = T2 (≡ −2c2 mod c1), we have
XT2α = −
i
2
SαβγµV
βγµ +
1
4n
∇α|Sγδµν |
2,
I ′T2 = −
1
2
|Vαβγ |
2 +
1
n(n− 4)
P |Sαβγµ|
2 +
1
4n(n− 4)
∆b|Sαβγµ|
2.
When n = 2, these coincide with 12Xα and −
1
2I
′ of Case–Gover [6].
For Φ = T3 (≡ 3c3 mod c1), we have
XT3α =
1
6
(−iVγ1
γ2
αSγ2
γ3
µ
νSγ3
γ1
ν
µ + iSγ1
γ2
α
νVγ2
γ3
µSγ3
γ1
ν
µ
+ iSγ1
γ2
α
νSγ2
γ3
ν
µVγ3
γ1
µ)−
1
3n
∇αS
T3
I ′T3 =
1
6
(−Uγ1
γ2Sγ2
γ3
µ
νSγ3
γ1
ν
µ + V µγ1
γ2Vγ2
γ3
νSγ3
γ1
µ
ν
+ V µγ1
γ2Sγ2
γ3
µ
νVγ3
γ1
ν)−
2
n(n− 6)
PST3 −
1
3n(n− 6)
∆bS
T3 ,
where
ST3 =
1
6
(Sγ1
γ2
α
νSγ2
γ3
ν
µSγ3
γ1
µ
α + Sγ1
γ2
α
νSγ2
γ3
µ
αSγ3
γ1
ν
µ).
In general, when the degree of Φ is m, they are roughly of the following forms:
XΦα = (V ⊗ S
⊗(m−1))α +∇αS
⊗m,
I ′Φ = U ⊗ S
⊗(m−1) + V ⊗2 ⊗ S⊗(m−2) + PS⊗m +∆bS
⊗m.
6. The total I ′Φ-curvatures and renormalized characteristic forms
6.1. Ambient description of the CR tractor. We will prove that the integral
of I ′Φ agrees with a multiple of the global CR invariant given by Theorem 1.1. Since
the I ′Φ-curvature is defined via CR tractor calculus, we first need to establish the
correspondence between the ambient metric and the CR tractor bundles. In [6,
§5], the correspondence is described by using Fefferman’s conformal structure as
an intermediate geometry. Here we directly give the explicit correspondence in the
framework of Graham–Lee. The direct construction of CR tractors by the ambient
metric is also sketched in [4, §3.4].
We consider the setting of §3: Let Ω be a strictly pseudoconvex domain with
the boundary M in a complex manifold X of dimension n + 1. Let g˜ = −i∂∂ρ
be the ambient metric on X˜ = KX \ {0} for a fixed Fefferman defining density
ρ ∈ E˜(1), and ∇˜ its Levi-Civita connection. We define the dilation δλ (λ ∈ C∗) on
X˜ by δλ(u) := λ
n+2u, and let Z ∈ T 1,0X˜ be the infinitesimal generator. Then, by
ZAg˜AB = −∇˜Bρ, we have
(6.1) ∇˜AZ
B = δA
B, ZAR˜ABCE = 0,
where R˜ is the curvature tensor of g˜. A vector field V ∈ CT X˜ is said to be
homogeneous of degree (w,w′) ∈ C2 (w − w′ ∈ Z) if it satisfies
(δλ)∗V = λ
−wλ¯−w
′
V
for all λ ∈ C∗. The homogeneity is also characterized by the Lie derivatives:
LZV (= [Z, V ]) = wV, LZV (= [Z, V ]) = w
′V.
The following lemma relates the homogeneity to the covariant derivatives:
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Lemma 6.1. A (1, 0)-vector field V ∈ T 1,0X˜ satisfies
∇˜ZV = ∇˜ZV = 0
if and only if V is homogeneous of degree (−1, 0).
Proof. By using (6.1) and the fact that Z is a holomorphic vector field, we have
(6.2) ∇˜V Z = V, ∇˜V Z = 0
for any (1, 0)-vector V . Thus we obtain
LZV = ∇˜ZV − V, LZV = ∇˜ZV,
from which the lemma follows. 
We consider the set of all (1, 0)-vector fields along N = {ρ = 0} ⊂ X˜ which are
parallel in the fiber direction, or equivalently homogeneous of degree (−1, 0):
T˜ 1,0 := {V ∈ Γ(T 1,0X˜ |N ) | ∇˜ZV = ∇˜ZV = 0}
= {V ∈ Γ(T 1,0X˜ |N ) | V is homogeneous of degree (−1, 0)}.
A vector field V ∈ T˜ 1,0 can be identified with a section of the rank n+ 2 complex
vector bundle over M defined by T 1,0 := (T 1,0X˜ |N )/C∗, where λ ∈ C∗ acts as
V 7→ λ−1(δλ)∗V . The ambient metric g˜ defines a hermitian metric on T 1,0 since
g˜(V,W ) is homogeneous of degree 0 for V,W ∈ T˜ 1,0. We will define a connection
on T 1,0 and show that these agree with the CR tractor bundle and the tractor
connection.
For a vector field ν ∈ TM , let ν˜ ∈ TN ⊂ T X˜ be a lift toN which is homogeneous
of degree (0, 0). Then, for V ∈ T˜ 1,0 the derivative ∇˜ν˜V is also parallel along the
fibers since
∇˜Z∇˜ν˜V = ∇˜ν˜∇˜ZV + ∇˜[Z,ν˜]V + R˜(Z, ν˜)V = 0
by (6.1) and similarly ∇˜Z∇˜ν˜V = 0. Moreover, ∇˜ν˜V does not depend on the choice
of lift ν˜. Thus we can define a linear connection ∇T on T 1,0 by
∇Tν V := ∇˜ν˜V.
We also define a connection on T 1,0(w,w′) := T 1,0 ⊗ E(w,w′) by coupling ∇T
with the Tanaka–Webster connection on E(w,w′) determined by a choice of CR
scale. We also denote the connection by ∇T . The relation between this coupled
connection and the ambient connection ∇˜ is described as follows.
Let (U, (z1, . . . , zn+1)) be local coordinates. We define a fiber coordinate z0 of
X˜ by writing u = (z0)n+2dz1 ∧ · · · ∧ dzn+1 for any u ∈ X˜ , so that
Z = z0
∂
∂z0
.
The fiber coordinate z0 is determined up to multiples of constants ζ ∈ C∗ with
ζn+2 = 1; the choice of z0 corresponds to the choice of local pseudo-Einstein CR
scale σ ∈ E(1, 0) which satisfies
σ−n−2 = (dz1 ∧ · · · ∧ dzn+1)|TM .
A section V ∈ T 1,0(w,w′)|U is identified with the vector field
V˜ := (z0)w(z0)w
′
V˜0 ∈ T
1,0X˜|N ,
which is homogeneous of degree (w − 1, w′). Here, V˜0 ∈ T˜ 1,0 is the vector field
corresponding to the section V0 = σ
−wσ¯−w
′
V ∈ T 1,0. For ν ∈ TM , we take the lift
ν˜ so that it satisfies
dz0(ν˜) = dz0(ν˜) = 0,
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and call it the horizontal lift with respect to (z1, . . . , zn+1). Then the vector field
∇˜ν˜ V˜ is homogeneous of degree (w − 1, w′), so it defines a section of T 1,0(w,w′).
By definition, this agrees with ∇Tν V when w = w
′ = 0. In general cases however,
the differentiations in the T -direction may have difference:
Proposition 6.2. Let V˜ ∈ Γ(T 1,0X˜|N ) be the homogeneous vector field of degree
(w − 1, w′) corresponding to a section V ∈ T 1,0(w,w′). Let ν ∈ T 1,0M ⊕ T 0,1M
and let T be the Reeb vector field for the CR scale |σ|2. Then we have
∇˜Z V˜ = wV,
∇˜ν˜ V˜ = ∇
T
ν V,
∇˜T˜ V˜ = ∇
T
T V +
2(n+ 1)
n(n+ 2)
i(w − w′)PV,
where ν˜ and T˜ are the horizontal lifts with respect to (z1, . . . , zn+1).
Lemma 6.3. The Tanaka–Webster connection associated with the CR scale σ ∈
E(1, 0) satisfies
∇σ = −
2(n+ 1)
n(n+ 2)
iPθ ⊗ σ.
Proof. We take an admissible coframe {θα} such that θ ∧ θ1 ∧ · · · ∧ θn = ζ :=
(dz1 ∧ · · · ∧ dzn+1)|TM . By dζ = 0, we have
−ωα
α ∧ θ ∧ θ1 ∧ · · · ∧ θn = 0.
We also have ωα
α + ωα
α = 0 from det(hαβ) = 1, so ωα
α is of the form ifθ with a
real function f . Since dωα
α ≡ (1/n)Rhαβθ
α ∧ θβ mod θ, we obtain f = −(1/n)R,
and hence
∇σ =
1
n+ 2
ωα
α ⊗ σ = −
2(n+ 1)
n(n+ 2)
iPθ ⊗ σ.

Proof of Proposition 6.2 We write V = σwσ¯w
′
V0 and V˜ = (z
0)w(z0)w
′
V˜0 with
V0 ∈ T
1,0, V˜0 ∈ T˜
1,0 as before. Since ∇˜ZV0 = 0, we have ∇˜Z V˜ = wV˜ . By the
lemma above, we have
∇Tν V = ∇
T
ν (σ
wσ¯w
′
V0) = σ
wσ¯w
′
∇Tν V0.
The last term is identified with the vector field
(z0)w(z0)w
′
∇˜ν V˜0 = ∇˜ν V˜ .
Similarly, we have
∇TT V = ∇
T
T (σ
wσ¯w
′
V0)
= σwσ¯w
′
(
∇TT V0 −
2(n+ 1)
n(n+ 2)
i(w − w′)PV0
)
,
and this is identified with
(z0)w(z0)w
′
(
∇˜T V˜0 −
2(n+ 1)
n(n+ 2)
i(w − w′)P V˜0
)
= ∇˜T˜ V˜ −
2(n+ 1)
n(n+ 2)
i(w − w′)P V˜ .
Thus we obtain the proposition. 
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Let {Zα, ξ} be a Graham–Lee frame of T 1,0X for the Fefferman defining function
ρ := |σ|−2ρ. We define Z0,Zα,Z∞ ∈ T 1,0(1, 0) by
(6.3) Z0 := Z, Zα := Z˜α, Z∞ := −ξ˜ −
κ
2
Z,
where Z˜α, ξ˜ are horizontal lifts and κ is the transverse curvature. The correspon-
dence between T 1,0(w,w′) and the CR tractor bundle EA(w,w′) is given as follows:
Theorem 6.4. Let (U, (z1, . . . , zn+1)) be a local coordinate system and |σ|2 ∈
E(1, 1) the associated pseudo-Einstein CR scale. Then, the bundle isomorphism
Ψ: EA(w,w′)|U∩M −→ T 1,0(w,w′)|U∩M
∈ ∈
λZA + νβWAβ + ϕY
A 7−→ λZ0 + νβZβ + |σ|−2ϕZ∞
is independent of the choice of coordinates (z1, . . . , zn+1), and preserves the con-
nections: Ψ∗∇T = ∇. When (w,w′) = (0, 0), it also preserves the bundle metrics:
Ψ∗g˜AB = hAB.
Proof. First, we observe that along N the ambient metric is given by the matrix
(
g˜(ZA,ZB)
)
=

 1hαβ
1

 ,
which agrees with the tractor metric. Hence Ψ preserves the metrics.
To show that Ψ is independent of choice of coordinates, we will compute the
transformation formula of {ZA} under coordinate change. Let (zˆ
1, . . . , zˆn+1) be
another coordinate system and write
dzˆ1 ∧ · · · ∧ dzˆn+1 = e(n+2)fdz1 ∧ · · · ∧ dzn+1
with a holomorphic function f = (1/2)Υ+ iv so that the pseudo-Einstein CR scale
σ̂ := e−f |Mσ ∈ E(1, 0) satisfies σ̂−n−2 = (dzˆ1 ∧ · · · ∧ dzˆn+1)|M . We note that
Zαf = 0 gives
vα = −
i
2
Υα
and hence
fα = Υα.
Also, from
0 = ξf =
(
N −
i
2
T
)(1
2
Υ + iv
)
=
1
2
(NΥ+ vT ) + i
(
Nv −
1
4
ΥT
)
,
we have
NΥ = −vT =
i
n
(vα
α − vα
α) = −
1
2n
∆bΥ, Nv =
1
4
ΥT
and
ξf = (ξ + ξ)f = 2Nf = −
1
2n
∆bΥ+
i
2
ΥT .
The transformation formulas for ξ and κ are given by
ξ̂ = e−Υ(ξ +ΥαZα),
κ̂ = e−Υ(κ− 2NΥ−ΥαΥ
α)
= e−Υ(κ+
1
n
∆bΥ−ΥαΥ
α).
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First, it is easy see that Ẑ0 = Z0 since both are infinitesimal generator of the
C
∗-action. We will consider Ẑα, Ẑ∞. Since the fiber coordinates are related as
zˆ0 = e−fz0, we have
dzˆ0
zˆ0
=
dz0
z0
− df.
Thus, if we write V σ, V σ̂ for the horizontal lifts of a vector field V on M with
respect to (zi) and (zˆi), they satisfy
V σ̂ = V σ + (V f)Z.
Hence we have
Ẑα = Z
σ̂
α = Z
σ
α + fαZ = Zα +ΥαZ0,
and
Ẑ∞ = −ξ̂
σ̂ −
κ̂
2
Z
= −e−Υ(ξ̂σ + (ξ̂f)Z)−
κ̂
2
Z
= −e−Υ
[
ξσ +ΥαZσα +
(
−
1
2n
∆bΥ+
i
2
ΥT +Υ
αΥα
)
Z
+
1
2
(
κ+
1
n
∆bΥ−ΥαΥ
α
)
Z
]
= e−Υ
(
Z∞ −Υ
α
Zα −
1
2
(ΥαΥ
α + iΥT )Z0
)
.
These transformation formulas agree with those for ZA,WAα , |σ|
2Y A. Thus, Ψ is
independent of choice of (zi).
We will express ∇T ZA in terms of the Tanaka–Webster connection and check
that it coincides with the tractor connection (2.3) computed with a pseudo-Einstein
contact form. Since g satisfies the approximate Einstein equation, we have the
equation (3.6) and (3.7) for κ. In particular, the derivative of κ is given by
(6.4)
Nκ|M = −
1
2n
∆bκ+ κ
2 +
1
n
|Aαβ |
2
= −
1
n2
∆bP +
4
n2
P 2 +
1
n
|Aαβ |
2,
ξκ|M = −
1
n2
∆bP +
i
n
∇TP +
4
n2
P 2 +
1
n
|Aαβ |
2.
We also recall that for a pseudo-Einstein contact form θ, we have
(6.5)
iAαγ,
γ = (1/n)∇αR, Tα = −
1
n
∇αP,
S = −
1
n2
∆bP −
1
n2
P 2 +
1
n
|Aαβ |
2.
By (6.2), we have
∇TZβZ0 = ∇˜Z˜βZ = Z˜β = Zβ , ∇
T
Z
β
Z0 = ∇˜Z˜
β
Z = 0.
Since T = i(ξ − ξ) and Z0 has weight (1, 0), we have
∇TT Z0 = ∇˜TZ −
2(n+ 1)
n(n+ 2)
iPZ = −iξ −
2(n+ 1)
n(n+ 2)
iPZ = iZ∞ −
i
n+ 2
PZ0.
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We denote by Γij
k the Christoffel symbols of Tanaka–Webster connection. By using
(4.10), (6.4), and (6.5), we compute as
∇TZβZα = ∇˜Z˜β Z˜α = Γβα
γ
Zγ − iAαβZ0,
∇TZ
β
Zα = ∇˜Z˜
β
Z˜α = Γβα
γZ˜γ + hαβ ξ˜
= Γβα
γ
Zγ − (1/n)PhαβZ0 − hαβZ∞
= Γβα
γ
Zγ − PαβZ0 − hαβZ∞,
∇TT Zα = ∇˜T˜ Z˜α −
2(n+ 1)
n(n+ 2)
iPZα
= ΓTα
γ
Zγ +
2
n(n+ 2)
iPZα +
2i
n
(∇αP )Z0
= ΓTα
γ
Zγ + i
(
Pα
β −
P
n+ 2
δα
β
)
Zβ − 2iTαZ0,
and
∇TZβZ∞ = ∇˜Zβ
(
−ξ −
κ
2
Z
)
=
1
n
PZβ +
1
n
(∇βP )Z0 = Pβ
γ
Zγ − TβZ0,
∇TZ
β
Z∞ = ∇˜Z
β
(
−ξ −
κ
2
Z
)
= −iAβ
γ
Zγ −
1
n
(∇βP )Z0 = −iAβ
γ
Zγ + TβZ0,
∇TT Z∞ = ∇˜T
(
−ξ −
κ
2
Z
)
−
2(n+ 1)
n(n+ 2)
iP
(
−ξ −
κ
2
Z
)
=
( i
n2
P 2 +
i
n2
∆bP −
i
n
|Aαβ |
2
)
Z0 +
2i
n
(∇βP )Zβ −
i
n+ 2
PZ∞
= −iSZ0 − 2iT
γ
Zγ −
i
n+ 2
PZ∞.
Thus, Ψ∗∇T coincides with the tractor connection. 
6.2. The CR D-operator and the CR Weyl tractor. By using the bundle
isomorphism Ψ, we can identify a weighted tractor
t ∈ E
B1···BqB1···Bq′
A1···ApA1···Ap′
(w,w′)
with an ambient tensor t˜ homogeneous of degree (w+ p− q, w+ p′− q′). Then, the
ambient description of the CR D-operator is given by
(6.6) DAt = (n+ w + w
′)∇˜At˜+ ZA∆˜t˜,
where ∆˜ = −∇˜A∇˜A is the Ka¨hler Laplacian ([6]). In fact, DA is characterized by
the equation
hPQD(A|P |DB)Qt = −Z(ADB)t,
where
DABt = (ZBYA − ZAYB)wt+ ZBW
α
A∇αt− ZAW
β
B∇βt,
DABt = ZBYAwt− ZAYBw
′t+ ZBW
α
A∇αt− ZAW
β
B
∇βt
− ZAZB
(
i∇T t+
w′ − w
n+ 2
Pt
)
are CR invariant operators called the double D-operators ([12]). By using Proposi-
tion 6.2, one can see that the ambient description of these operators are
DABt = ZB∇˜At− ZA∇˜Bt, DABt = ZB∇˜At− ZA∇˜Bt.
The equation (6.6) follows from these formulas.
36 TAIJI MARUGAME
Next we consider the curvature tensor R˜ABCE of the ambient metric. We define
the CR Weyl tractor SABCE ∈ EABCE(−1,−1) by
SABCE =W
α
AW
β
B
ΩαβCE −
1
n− 1
WαAZB∇
γΩαγCE −
1
n− 1
ZAW
β
B
∇µΩµβCE
+ ZAZB
( 1
(n− 1)2
∇γ∇µΩµγCE +
1
n− 1
P γµΩµγCE
)
.
Note that the CR Weyl tractor defined in [6] is (n − 1) times ours. The CR Weyl
tractor is a CR invariant tractor, which is characterized by the following conditions:
SABCE = SBAEC , Z
ASABCE = 0, W
A
α W
B
β
SABCE = ΩαβCE , D
BSABCE = 0.
By equations (3.2), (6.1), (6.6) and Proposition 6.2, we can check that the ambient
curvature tensor satisfies these conditions. Thus we have
Proposition 6.5 ([6, Lemma 8.3]). When n ≥ 2, R˜ABCE |N = SABCE .
6.3. Relation between I
′
Φ and Φ(Θ). We are now ready to prove the follow-
ing theorem, which relates two global CR invariants associated with an invariant
polynomial of degree n:
Theorem 6.6. Let Φ be an invariant polynomial of degree n. Let ρ be a Fefferman
defining function associated with a pseudo-Einstein contact form θ. Then we have
fp
∫
ρ>ǫ
ω ∧ Φ(Θ) = −n
∫
M
I ′Φ.
Proof. We may assume that Φ = Tm1 · · ·Tmk . By Proposition 4.5 (i) and (4.20),
we have
fp
∫
ρ>ǫ
ω ∧ Φ(Θ) =
∫
M
LN
(
ϑ ∧ Φ(W )
)
.
Near the boundary, we have LNϑ = −κϑ and dΦ(W ) = 0, and hence
LN
(
ϑ ∧ Φ(W )
)
= −κϑ ∧ Φ(W ) + ϑ ∧ d
(
NyΦ(W )
)
= −κϑ ∧ Φ(W ) + dϑ ∧
(
NyΦ(W )
)
+ (exact form).
We take local coordinates (z1, . . . , zn+1) and the associated fiber coordinate z0 of
X˜. We work in the (1, 0)-frame {ZA} defined by (6.3) with a Graham–Lee frame
{Zα, ξ}. The dual coframe {θ
A} is given by
θ0 =
dz0
z0
−
κ
2
∂ρ, θα = θα, θ∞ = −∂ρ.
By (4.13) and Proposition 6.5, we have
θ ∧ Φ(W )|TM = θ ∧ Φ(Ω˜)|TM
= inS
(m1)
[α1β1···
· · ·S
(mk)
···αnβn]
θ ∧ θα1 ∧ θβ1 ∧ · · · ∧ θαn ∧ θβn
= SΦθ ∧ (dθ)n.
Thus, since κ|M = (2/n)P , we have
(6.7) −
∫
M
κϑ ∧ Φ(W ) = −
2
n
∫
M
PSΦθ ∧ (dθ)n.
Next, we will calculate dθ ∧
(
NyΦ(W )
)∣∣
TM
. It suffices to compute the terms
involving θ in
(
NyΦ(W )
)∣∣
TM
. The horizontal lift of N is given by
N˜ = Re ξ˜ = −
1
2
(Z∞ + Z∞)−
κ
4
(Z0 + Z0).
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Since Z0y Ω˜ = Z0y Ω˜ = 0, we have
NyΦ(W ) = N˜yΦ(Ω˜) = −
1
2
(
Z∞yΦ(Ω˜) + Z∞yΦ(Ω˜)
)
.
From θ∞|TM = iθ, we observe that the term involving θ in
(
NyΦ(W )
)∣∣
TM
is
iθ ∧
(
Z∞yZ∞yΦ(Ω˜)
)∣∣
TM
= inn2R˜
(m1)
[∞∞A2B2···
· · · R˜
(mk)
···AnBn]
θ ∧ θA2 ∧ θB2 ∧ · · · ∧ θAn ∧ θBn
∣∣
TM
= inn2R˜
(m1)
[∞∞α2β2···
· · · R˜
(mk)
···αnβn]
θ ∧ θα2 ∧ θβ2 ∧ · · · ∧ θαn ∧ θβn .
Thus, by using Proposition 5.2 (iii), we have
dθ ∧
(
NyΦ(W )
)∣∣
TM
= iθ ∧ dθ ∧
(
Z∞yZ∞yΦ(Ω˜)
)∣∣
TM
=
i
n!(n− 1)!
Λn−1
(
Z∞yZ∞yΦ(Ω˜)
)∣∣
TM
θ ∧ (dθ)n
=
i
n!(n− 1)!
(
(n− 1)!
)2
(−i)n−1inn2
· hα2β2 · · ·hαnβnR˜
(m1)
[∞∞α2β2···
· · · R˜
(mk)
···αnβn]
θ ∧ (dθ)n
= −nSΦ∞∞θ ∧ (dθ)
n.
From this and (6.7), we obtain∫
M
LN
(
ϑ ∧ Φ(W )
)
=
∫
M
(
−
2
n
PSΦ − nSΦ∞∞
)
θ ∧ (dθ)n = −n
∫
M
I ′Φ
and complete the proof. 
6.4. Computations for circle bundles over Ka¨hler–Einstein manifolds. We
will compute the total I ′Φ-curvatures for the following CR manifold:
Let Y ⊂ CPn+r be a smooth projective variety given by the common zero locus
{f1 = f2 = · · · = fr = 0}, where fi is a homogeneous polynomial of degree di. We
assume that −n− r − 1 +
∑r
i=1 di > 0 so that the canonical bundle
KY = O(−n− r − 1 +
∑r
i=1 di)|Y
is positive. We also assume that r > n. By the Aubin–Yau theorem, there exists a
Ka¨hler metric g¯ on Y which satisfies the Einstein equation
Ric(g¯) = −g¯.
We let hKY = (det g¯)
−1 be the induced hermitian metric on KY and consider the
circle bundle
M := {v ∈ KY | hKY (v, v) = 1}.
We take ρ := log hKY (v, v) as a defining function, and let {∂ρ, θ
α} be a (1, 0)-
coframe around a point on M , where {θα} is (the pull-back of) a (1, 0)-coframe on
Y . Then, {θα} gives a coframe for T 1,0M and we have
−∂∂ρ = ∂∂ log det g¯
= −Ric(g¯)αβθ
α ∧ θβ
= g¯αβθ
α ∧ θβ .
Thus, M is a strictly pseudoconvex CR manifold with the Levi form for θ :=
(dcρ)|TM being g¯αβ. Moreover, the Tanaka–Webster connection form is equal to
(the pull-back of) the Levi-Civita connection form of g¯ and the Tanaka–Webster
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torsion vanishes: Aαβ = 0. Consequently, θ is a pseudo-Einstein contact form and
we have P = −n/(2(n+ 1)), Vαβγ = 0, Uαβ = 0, and
(6.8) Sαβγµ = R
g¯
αβγµ
+
1
n+ 1
(g¯αβ g¯γµ + g¯γβ g¯αµ) = B
g¯
αβγµ
,
where Bg¯
αβγµ
is the Bochner tensor of g¯.
Let ζ = |ζ|eis be the fiber coordinate of KY with respect to the local section
θ1 ∧ · · · ∧ θn. Then we have
(6.9)
θ ∧ (dθ)n = Re(i∂ρ) ∧ (−i∂∂ρ)n|TM
= ds ∧ ωng¯ ,
where ωg¯ := ig¯αβθ
α ∧ θβ is the Ka¨hler form of g¯.
The integral of I ′Φ overM for an invariant polynomial Φ = Tm1 · · ·Tmk of degree
n is computed as∫
M
I ′Φ =
∫
M
2
n2
PSΦθ ∧ (dθ)n = −
1
n(n+ 1)
∫
M
SΦθ ∧ (dθ)n.
By (6.8) and (6.9), we have∫
M
SΦθ ∧ (dθ)n = 2π
∫
Y
SΦωng¯
= 2π
∫
Y
inS
(m1)
[α1β1···
· · ·S
(mk)
···αnβn]
θα1 ∧ θβ1 ∧ · · · ∧ θαn ∧ θβn
= 2π
∫
Y
Φ(Bg¯),
whereBg¯ := Bg¯α
β
γµθ
γ∧θµ. Since g¯ is Ka¨hler–Einstein, Φ(Bg¯) can be rewritten to a
usual characteristic form Φ˜(Rg¯) as in the computation of renormalized characteristic
forms. Hence, the total I ′Φ-curvature is represented as a characteristic number of
T 1,0Y : ∫
M
I ′Φ = −
2π
n(n+ 1)
〈Φ˜(T 1,0Y ), [Y ]〉.
Let us consider the case Φ = ci1 · · · cik (2 ≤ il ≤ n, i1 + · · ·+ ik = n). We have
Φ˜ = c˜i1 · · · c˜ik , where each c˜i is written in the form
c˜i = ci +
i∑
j=1
c j1φj
with invariant polynomials φj of degree i − j. The Chern classes of T
1,0Y can be
described in terms of the data d1, . . . , dr as follows (see [18]):
If we set x := c1(O(1)|Y ) ∈ H2(Y ;R), then the total Chern class c(T 1,0Y ) =
1 + c1(T
1.0Y ) + · · ·+ cn(T 1,0Y ) is given by
c(T 1,0Y ) = (1 + x)n+r+1(1 + d1x)
−1 · · · (1 + drx)
−1
= (1 + x)n+r+1(1 + σ1x+ · · ·+ σrx
r)−1,
where σj is the elementary symmetric polynomial of degree j, and we expand
(1+ djx)
−1 and (1+ σ1x+ · · ·+ σrxr)−1 as a power series in x, which is actually a
finite sum. It follows that ci(T
1,0Y ) is xi times a symmetric polynomial in d1, . . . , dr
of degree i, and its homogeneous part of degree i is of the form
−σi + (higher order terms in σj).
Therefore, by using the formula
〈xn, [Y ]〉 = d1 · · · dr = σr ,
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we obtain that 〈Φ˜(T 1,0Y ), [Y ]〉 is a symmetric polynomial in d1, . . . , dr of degree
n+ r whose homogeneous part of degree n+ r is of the form
(−1)kσi1 · · ·σikσr + (higher order terms in σj).
By the assumption r > n, the polynomials σi (2 ≤ i ≤ n, i = r) are algebraically
independent. Hence we have the following proposition:
Proposition 6.7. Let Φ 6= 0 be an invariant polynomial of degree n which can
be written as a polynomial in c2, . . . , cn. Then the total I ′Φ-curvature I
′
Φ of the
circle bundle M is a non-zero symmetric polynomial in d1, · · · , dr of degree n+ r.
Moreover, if Φ1 6= Φ2 then I
′
Φ1 6= I
′
Φ2 as polynomials.
Remark 6.8. Yuya Takeuchi computed the CR invariants given by Theorem 1.1
for Sasakian η-Einstein manifolds, i.e., CR manifolds which admit pseudo-Einstein
contact forms whose Tanaka–Webster torsion tensors vanish. Applying his formula
to the circle bundle above, we obtain an expression of the invariant for
Φ = ci1 · · · cik (2 ≤ il ≤ n, i1 + · · ·+ ik = m)
as a symmetric polynomial of degree n+ r in d1, . . . , dr. Up to a non-zero constant
multiple, its homogeneous part of degree n+ r is given by
σn−m1 σi1 · · ·σikσr + (higher order terms in σj).
This indicates that the invariants are non-trivial and mutually independent.
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